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PREFACE

THE present volume has its origin in the manuscript notes

which I have prepared from time to time for the use of
the students attending my class in practical physics at the
Cavendish Laboratory. When, in 1890, I was appointed to my
present post of Demonstrator in Experimental Physics, I found
that the then existing text-books of practical physics did not
entirely meet the needs of the students, partly because they did
not, as a rule, show how the formulae required in the experi-
mental work are derived from the principles of the subject. The
students themselves added to the difficulty, for their ideas as to
those principles were often indistinct. I was thus led to devise
some experiments intended to illustrate principles as simply and
directly as possible. I also wrote notes explaining how the
necessary formulae are obtained from the princip.les involved in
those experiments and describing in detail how the practical work
is to be conducted. The students showed very kind appreciation
of these earlier notes and thus I was encouraged to prepare
others ; this work has proved so interesting that I have continued
it, as opportunities have occurred, with the result that at the
present time the students attending my practical class rely mainly
upon these manuscript notes for the necessary instructions.

Many of the students have made almost complete copies of
some hundreds of pages of manuscript and have perhaps learned
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vi PREFACE

more in that way than by merely reading a printed book con-
taining the same matter. But the plan of using manuscript notes
has numerous disadvantages. For instance, the limited number
of copies of any one manuscript makes it difficult to arrange for
more than two or three students to do the same experiment at
one time and often prevents the students from preparing them-
selves beforehand for the experiments assigned to them. There is,
besides, the risk of the loss or the destruction of the manuscripts
themselves. For the safety of the manuscripts I have relied on
the consideration of the students and this has hardly ever failed.

To throw together into a small volume the manuscripts dealing
with one branch of physics would seem an easy task. But the result
would hardly be satisfactory, for some of the earlier manuscripts
require revision in the light of later experience, while many of the
manuscripts contain mathematical arguments which are repeated
in others of the series. This repetition was necessary for the
practical working of the class but would be intolerable in a book.

For these and other reasons I decided that it would be more
satisfactory to rewrite the whole of the manuscripts, and to arrange
the material, with additions, in the form of a series of small text-
books, in which a fairly full account of the mathematical treatment
should accompany a detailed description of the experimental
work.

To make a beginning, the present volume is published and
this, I hope, will be followed in a few months by a similar volume
on Experimental Optics. I hope, if life and health be given me,
to complete the scheme by writing volumes on Mechanics, on
Electricity and Magnetism and on Heat and Sound.

The present volume cannot lay claim to any sort of com-
pleteness. Its purpose is simply to give the substance of my
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course of instruction in the subject in a form which may be useful
to students at the Cavendish Laboratory and elsewhere.

The first chapter contains an account of the elements of the
mathematical theory of elasticity, with one or two necessary
propositions in thermodynamics. In the second chapter will be
found the mathematical solutions of some problems which make
their appearance in several experiments. The uniform bending
of rods and blades is discussed rather fully, but I was anxious to
make the arguments apply to small finife curvatures as distin-
guished from merely infinitesimal curvatures. To the preparation
and revision of this chapter, Dr L. N. G. Filon has contributed
so much from his store of expert knowledge of the mathematical
theory of elasticity that the chapter is almost more his work
than mine.

The third chapter contains descriptions of a number of ex-
periments together with such necessary mathematical discussions
as are not given in the first two chapters. - Each description is
followed by a practical example giving detailed arithmetical
results taken from an actual experiment; these examples may
perhaps assist students in recording their own observations.

Some notes bring the book to a close. The last of these con-
tains hints on practical work in physics; the rest deal mainly with
a few dynamical theorems which experience suggests may be
useful to students who have not received a mathematical training.

Most of the apparatus required for the experiments is of a
simple description. Though in some cases accuracy would be
gained if the apparatus had less of the “home made” character
and more of the engineer's workmanship, this roughness of the
appliances is not a serious disadvantage to the students who use
the apparatus at the Cavendish Laboratory. Those who after-
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wards make physics a part of their work, either as teachers or as
investigators, will probably have to struggle on with a good deal
of “home made” apparatus. To the rest, who distribute them-
selves over very wide fields of human activity, a knowledge of
principles is of greater value than an acquaintance with the
details of highly finished instruments.

In the design of the apparatus I have often been aided by
Mr W. G. Pye and by Mr F. Lincoln, the past and present instru-
ment makers at the Cavendish Laboratory, and by their assistants.

To assist those teachers who may not be able to construct the
apparatus for themselves, I have authorised Messrs W. G. Pye
and Co., of Cambridge, to supply apparatus made to my designs.
I have done this because, in some cases, instrument makers, without
consulting me, have connected my name with apparatus in which
they have made “improvements” of doubtful value.

I owe much to the many generations of students who have
attended my class. Their never failing enthusiasm has been a
source of much encouragement to me, and the honest work and the
satisfactory progress of the great majority has been a real reward.

I also owe much to the kindness of those who have assisted
me as demonstrators during eighteen years, and especially to the
unwearying help which my oldest colleague, Mr T. G. Bedford, has
given in many ways for many years.

This volume owes much to the generous help rendered me by
friends. The proofs have been read and ecriticised by Mr Bedford ;
his knowledge of physical principles, of the work of teaching
the experimental methods described in this book and of the
difficulties of students makes his aid of great value. Dr Alexander
Russell, who has had a long experience of students’ work, has
made many helpful criticisms upon the proofé. Dr L. N. G. Filon
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CHAPTER I
ELEMENTARY THEORY OF ELASTICITY.

1. Introduction. The application of a system of forces to
a solid body causes a deformation corresponding to the character of
the system of forces; for example, a pull causes an extension
while a couple causes a twist in a wire. But the simplest obser-
vations on the stretching or bending of a piece of copper wire are
sufficient to show that, even though the forces are not so great as
to break the body, they may still be great enough to produce
changes of form, which do not entirely pass away when the forces
are removed. The effects of forces of this character are of great
importance in many industries. The moulding of clay in pottery
work, and the forging, stamping, wire drawing and cutting of
metals are familiar instances of such effects.

When the forces are less intense, the body may so nearly recover
its original form, on the removal of the forces, that careful observa-
tions are required to show that the recovery is imperfect.

It is, therefore, natural to assume that, if the forces be small
enough, the body will completely recover its original form on their
removal. This is equivalent to saying that the form of a body
depends only on the forces which act on it at the time, and not
upon those which have ceased to act. The assumption that the
forces have no after-effects is of great importance, because it renders
the mathematical treatment of the subject comparatively simple.
The assumption is probably not strictly true for any substance, but
for many substances it is so near the truth that, for practical pur-
poses, it may be regarded as exactly true.

S. E. E. o 1



2 THEORY OF ELASTICITY [cn.

2. Hooke’s law. Though Robert Hooke was the first to
publish a definite statement as to the relation between small forces
and the changes of form due to them, yet it is probable that most
of the persons who had made any practical use of springs had at
least a working knowledge of that relation.

In 1676 Hooke published the statement : _

“The true Theory of Elasticity or Springiness, and a particular
Explication thereof in several Subjects in which it is to be found :
And the way of computing the velocity of Bodies moved by them.
ceiiinosssttuu.”

In 1678 he gave the key to this anagram in the words:

“About two years since I printed this Theory in an Anagram
at the end of my Book of the Descriptions of Helioscopes, viz.
ceilinosssttuu, id est, Ut tensio sic vis ; That is, The Power of any
Spring is in the same proportion with the tension thereof: That
1s, if one power stretch or bend it ene space, two will bend it two,
and three will bend it three, and so forward.”

The proportionality between the applied forces and their effects
is known as Hooke’s law and forms the basis of the mathematical
theory of the subject. In this theory it is further assumed that
when two or more sets of small forces act on a body, each set pro-
duces the same effect as if the other set or sets were not acting.
This assumption is, however, only a natural extension of Hooke’s
law.

Within the range where Hooke’s law holds, we may speak of
the body as being perfectly elastic.

If the forces acting on the body be increased, a more or less
definite point is reached where Hooke’s law begins to fail. When
Hooke’s law fails, we may say that the elastic limit of the body
has been passed.

3. Necessity for a theory of elasticity. In§§1and 2 we
have taken an elastic body as a whole and have not considered the
actions between its parts. The results which can be obtained in
this way are sufficient for some purposes. Thus, if we make a
helical spring of steel wire, we can use it as a spring balance and
can, by experiments with known masses, graduate a scale so that
the balance shall indicate the mass of any body suspended from it,
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and this can be done without any reference to the complex actions
which occur within the steel itself.

The process here indicated may be considerably extended, for,
if we take a series of bodies of similar form and of the same
material, and subject them to similar sets of forces, we can, from
these experiments, deduce laws which would enable us to predict
the behaviour of another body, if of similar form and of the same
material, when subjected to a similar set of forces. Thus, we should
find by experiment that, when a wire of length / and cross section 4
is subjected to a pull F, the increase of length A is given by
plF
a0
where p is a constant depending upon the material. From this
equation the increase of length produced in any given wire of that
material by any given pull could be calculated. Similarly, we
could find by experiment that the total twist 6, produced by a
couple G in a circular rod of radius  and length /, is given by

X:

where ¢ 1s a constant depending on the material.

Though the results obtained in this way would be of great
practical utility, they would fail to provide a means of calculating
the effect of any given set of forces on any given body. Thus,
experiments on the torsion of a rod of circular section would give
no information as to the twist which a given couple would produce
in a rod of the same material but of rectangular-section.

It thus becomes evident that we need a theory of elasticity,
by which we can calculate mathematically, if we have sufficient
skill, the effect of any given set of forces on any given body, when
we have found the “elastic constants” of the material by experi-
ments made upon specimens of the material. We shall, therefore,
devote this chapter to the elements of such a theory. '

The material will be supposed to be isotropic, i.e. to have the
same properties in all directions, and to be homogeneous, i.e. to
have the same properties at all points.

4, Action and reaction between two parts of a body.
Let the body be divided into two parts 4 and B by a mathematical

1—-2



4 THEORY OF ELASTICITY [cH.

surface. Each part will in general exert a set of forces on the
other, and the whole action of 4 on B and of B on 4 is due to
forces acting between the molecules of A and those of B. These
forces may be divided into two classes. In the first class are those
that are sensible at more than molecular distances; this class
includes gravitational, electric, and magnetic actions. In the
second class are those forces which are sensible only within
molecular distances. We shall speak of these last forces as due
to molecular actions.

Now, it is only those molecules which lie on one side of the
dividing surface within a distance of about 10~ cm. from the sur-
face, which have any appreciable effect, by molecular action, on
those on the other side. But, in the layer corresponding to one
square centimetre of the surface, there are, in the case of a solid or
a liquid, about 10" molecules and thus an element of the layer of
only one millionth of a square millimetre in area contains about
108 molecules. It is evident, therefore, that, if the elements of area,
which we consider, are not very small compared with a millionth
of a square millimetre, the multitude of small forces arising
from molecular actions may be considered as blending together
into a force continuously distributed over the element of area.
In other words, the forces which act on the part of the body on
either side of the surface, and are due to molecular action, may
for all practical purposes be replaced by a force continuously
distributed over the surface, the forces on the two parts being
everywhere equal and opposite. What we have done here is
equivalent to replacing the molecularly-built body by one of
absolutely continuous structure.

In general, the part A is acted on not only by the molecular
actions due to B, which are included in the second class, but also
by those forces due to B which are included in the first class. In
addition, the part A experiences forces due to the action of other
bodies, as when it is pulled by a string or is attracted to the earth
through gravitation.

If we apply Newton’s laws of motion, we find that the rate of
increase of the momentum of 4 in any direction is equal to the
resultant in the same direction of all the forces acting on 4 and
that the rate of increase of the angular momentum of A4 about any
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fixed axis is equal to the moment about the same axis of all the
forces acting on 4 *.

In many cases the part 4 is at rest and then it follows (1) that
the resultant force arising from the molecular actions of B is in
equilibrium with the resultant of the remaining forces which act
on A4, and (2) that the moment about any axis of the molecular
actions of B is in equilibrium with the moment about the same
axis of the remaining forces which act on 4. These results are
frequently used in experimental work.

5. Stress. The word stress is often used in a general sense
in connexion with the action of forces, but in this book it will
be used only in a definite mathematical sense. Thus: If any
elementary area be drawn in the body, the parts of the body on
either side of the area exert equal and opposite forces on each other
by molecular actions arising from molecules in the immediate
neighbourhood of the area. The ratio of either of these forces
to the area is called the stress. The stress may be normal or
tangential to the area, or may be inclined at any angle to a
line normal to the area.

When the stress is normal to the area, it is called a pressure or
a tension according to its direction, and when it is tangential to
the area, it is called a shearing stress.

It is shown in § 7 that, in the case of a hydrostatic pressure,
where the stress at any point is normal to every elementary area
containing that point, the magnitude of the stress at that point is
independent of the direction of the normal to the area, but, in the
general case, the magnitude of the stress and its inclination to the
normal will both depend upon the direction of that normal.

6. Measurement of stresses. The numerical value of a
given stress depends upon the units of force and of area which we
employ. To avoid errors, the student should be careful to state
correctly the unit of force employed and to specify the unit adopted
for the measurement of areas. In the c.c.s. system, which is used
in this book, the stresses are measured in terms of a unit stress of
one dyne per square centimetre.

* See Note II.
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As a simple example, suppose that a vertical wire 1'32 milli-
metres in diameter supports a mass of 35 kilogrammes in a
locality where g =981 cm. sec.™?, and that the stress is required
for a plane cutting the axis of the wire at right angles. The total
force acting across the plane is 3'5 x 1000 x 981 or 3434 x 10°
dynes, while the area of section is = (0°066)* or 1368 x 102
square cm. Hence the stress (assumed uniform) is a normal one
and its magnitude is

3434 x 10°

1-368 x 10—

If the normal to the plane be inclined at an angle 8 to the axis

of the wire, the area of section is 1°368 x 10~2 x sec §. But the
total force is still 8434 x 10° dynes in a vertical direction. Hence,
in this case, the stress makes an angle § with the normal to the
plane and its magnitude is 2:510 x 10® x cos € dynes per square cm.

=2-510 x 10° dynes per square cm.

7. Hydrostatic pressure. When the stress at a given point
is normal to every element of area containing that point, there is
said to be a hydrostatic pressure at the point. Now consider the
matter contained in an elementary tetra-
hedron OABC (Fig. 1). 'Let the edges 04,
OB, OC be mutually perpendicular and let
X, Y, Z be the stresses on the faces OBC,
0CA, OAB. [ILet S be the area of ABC
and a, B, v be the angles between this
plane and the planes OBC, 0CA, OAB.
The force required to give the enclosed
matter any acceleration it may have is
proportional to the cube of the linear di-
mensions of the tetrahedron, as is also any Fig. 1.
force arising from gravity. But the forces
due to the stresses on the bounding planes are proportional to the
square of the linear dimensions and hence, by taking the tetra-
hedron small enough, the forces due to the stresses may be made
as great as we please compared with the other forces. Thus, in
the limit, we need only consider the stresses.

Let P be the stress on ABC. Then, since the only forces
which have components parallel to 04 are a force P .S, acting
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normally to ABC, and a force X.0BC or X .S cos a, acting
normally to OBC, we have

P8 cos a= XS cos a,
with two similar equations. Hence
=7
so that the stress is independent of the direction of the normal to
the area.

8. Strain. Suppose that, before the forces are applied to an
elastic body, three series of planes are drawn in the body so as to
divide it into infinitesimal cubes. When the forces are applied,
the portions of matter originally in these cubes will, in general, be
changed in shape so that they are no longer of cubical form;
they will also be changed in volume. The change of form, includ-
ing the change of volume, which occurs in any elementary cube
may be called, in general terms, the strain at that part of the
body. But it is evident, from this description, that, in the general
case, no single quantity is sufficient to measure the change of form
which occurs in any elementary cube, and thus we see that, in
general, more than one quantity is required to specify the strain.
For the mathematical treatment of strains in general the reader is
referred to treatises on the mathematical theory of elasticity.

For our purpose it will be sufficient to consider two funda-
mental strains and some simple strains which can be built up from
them.

9. Expansion and compression. When the strain is such
that any elementary cubical portion of the body remains cubical,
although changed in volume, the strain is called an expansion or a
compression, according as the volume of the cube is increased or
diminished by the strain. In either case the strain is measured
by the change of volume per unit volume.

Thus, if the application of pressure to the surface of a piece of
steel reduce the volume of each cubic em. by 2 x 107 cubic cm.
without otherwise changing its form, the strain is a uniform com-
pression amounting to 2 x 107 c.c. per c.c. It will be noticed that
the numerical value of the compression is independent of the unit
of volume employed. But care must be taken to measure both
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the original volume and the diminution of volume in terms of the
same unit.

10. Shear. In the case of compression there is a change of
volume without any further change of shape. We now go on to
examine the simplest case of change of shape without change of
volume.

Consider two parallel planes 4, B drawn in a body at the
distance % apart and suppose that all the particles in the plane A
remain fixed in position. If, now, every particle in the plane B
be moved in that plane through the same distance and in the same
direction, the part of the body between the planes is said to be
sheared. If the displacement of any particle between 4 and B be
parallel to that of the particles in B and proportional to the
distance of the particle from the plane 4, the strain is called a
uniform shear. If we take a rectangular block having one face
in each of the planes A and B, this block will be strained into a
parallelopiped of equal volume, since both the area of the base
and the height of the block remain unchanged. Thus a uniform
shear does not change the volume of the body.

A plane through any point P between the planes 4 and B and
parallel to them is called the plane of the shear at P.

To measure the magnitude of the shear, we take a cubical
block having one face in each of the planes A and B and four
edges parallel to the direction of the
displacement of the particlesin B. Thus B ¢,
the faces in the planes 4, B remain
squares, the faces normal to the direction /
of displacement are strained into rect- 7| / L
angles, and the remaining faces are dis- 6/
torted into parallelograms. If the angles 3
of a distorted face 4,4,0,C; (Fig. 2) are A’;
no longer all equal to 37 but are }u + 6 Fig. 2.
and 47 — 0 radians, as indicated in the
figure, the strain is said to be a shear of € radians.

11. Maximum shear in actual experiments. For all
metals Hooke’s law only holds for small shears and ceases to apply
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when the shear exceeds ,i; radian or one third of a degree,
either because the metal breaks before this shear is reached
(e.g. hard steel) or because it flows (e.g. lead). In ordinary experi-
ments for finding the elastic constants the shear need never
exceed 15y radian.

12. Results for infinitesimal shears. We shall now
obtain some useful results, which are approximately true for
small shears and accurately true for infinitesimal shears. From
Fig. 2

B,C,=B,4, tan @ = tan 6.
But, when 8 is less than 144, radian, we may put tan § = 6 with
an error of less than one in three millions and thus may write
B,C,=hé.

Since 4,0, = (4,82 + B,C2)* = h (1 + tan? 6)%,
we find, on expanding by. the binomial theorem and replacing
tan @ by 6, that

AC,=h(1+36~...... ).
Hence the shear does not alter the length of the edges 4,B,, 4,8,
by more than }6? ecm. per em. If 6 =175, the change does not
amount to one part in 2,000,000.

In technical mathematical language we may say that 6, the
shear, is a small quantity of the first order and that {62 the
elongation, i.e. the increase of length per unit length, of the edges
A,B,, A,B,, is a small quantity of the second order.

In the mathematical theory the strains are supposed to be
infinitesimal. In this case the difference between 4,0, and 4,B,
is to be neglected, and then we may say that the edges of the
cube are unchanged by the strain. We have already seen in §10
that the volume of the cube is unchanged. The two statements
are inconsistent when the shear is finite, but they become con-
sistent when the shear becomes infinitesimal.

If B,N be drawn perpendicular to 4,C;, we may take NC, as
the increase in length of the diagonal A4,B,. Now the angle
NC,B, is ultimately equal to «/4 and thus, in this case,

NC,= B,C,cos w/4 =h0/y2 =30 .h 2.
Similarly, the length of the diagonal A,B, is diminished by
36.hv2. But h4/2 is the length of the original diagonals, and
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thus we see that the shear § has lengthened one diagonal and
shortened the other by 16 cm. per cm.

The lengths 4,C;, 4,4, only differ by a small quantity of the
second order, and hence the diagonals 4,0, and A4,C; may be
considered as intersecting at right angles. The strain has there-
fore not changed the angle between the diagonals, though it has
turned each diagonal through an angle equal to B,N/A4,B, in the
same direction. Since B,N = NC,=16.h /2 and since 4,B,=h /2,
it follows that this angle is 6.

Since the strain is uniform, all lines in the block parallel to
the diagonal A,B, will be lengthened by 46 cm. per cm., and
similarly all the lines parallel to A,B, will be shortened by the
same amount. Each set of lines will intersect the other at right
angles after as well as before the straining, though each set will
be turned through 46 in the same direction.

Hence, a uniform shear of 6 radians is equivalent to a uniform
contraction of £6 cm. per cm. in a direction inclined at 45° to the
plane of the shear (§10), superposed on a uniform extension of
46 cm. per cm. at right angles to the contraction.

13. Bulk modulus or volume elasticity. Suppose that,
at every point within a body of homogeneous and isotropic matter,
the stress is a uniform hydrostatic pressure of p dynes per square
cm. This will evidently compress each elementary cube of the
body in the same proportion, and hence the strain will be a uniform
compression. If we take the triangle ABC (Fig. 1) to be an
element of the surface of the body, we see that, to secure the equi-
librium of the elementary tetrahedron O A BC, a uniform pressure p
must be applied to the surface. Conversely, we may conclude that
a uniform pressure p applied to the surface of a body of homo-
geneous and isotropic matter gives rise to a hydrostatic pressure p
throughout the body and produces a uniform compression.

This result does not apply when the body contains a cavity,
unless a pressure p be applied to the walls of the cavity as well as
to the outer surface of the body.

It is found by experiment that, so long as the pressure is not
too great, the compression is proportional to the pressure, and
thus the ratio of the pressure to the compression may be regarded
as an “elastic constant ” of the material.
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The ratio of the pressure to the compression is called the bulk
modulus or volume elasticity of the substance and is denoted by £.
Since the compression is a pure number, the bulk modulus is
measured in the same units as the pressure, 1.e. in dynes per
square cm.

If a pressure p cause the volume of the body to diminish from
v to v — w, the compression is w/v, and hence the bulk modulus is
given by

- o N+ S A 0
strain compresssion W

As an example of the use of this formula, suppose that a
pressure of 10° dynes per square em. diminishes the volume of
a piece of steel by 555 x 10~® cubic cm. per cubic em. The
compression is therefore 5:55 x 10~%, and hence the bulk modulus is

k=10%/(555 x 107°) = 1-802 x 10* dynes per square cm.

The only stress a liquid or a gas can permanently sustain is a
hydrostatic pressure, which in the case of liquids under certain
conditions may be negative*, and hence the bulk modulus is the
only elastic constant for a liquid or a gas. For this reason it is
often spoken of as the elasticity of the liquid or the gas.

If the compression be not proportional to the pressure, we can
still speak of the bulk modulus, but we then define it as the ratio
of an infinitesimal increment of pressure from p to p+dp to
— dv/v, the corresponding diminution of volume per unit volume,
the volume v being that which the body has under the pressure p.
Hence we have, in the general case,

dp dp :
k=_dv/v=—'v%. .................. (2)
The negative sign occurs since dv stands for the increment of
volume corresponding to dp.

14. Rigidity. To produce a shear in a solid substance an
appropriate stress is required. Let ABA’B' (Fig. 3) be a cube
of edge &, formed of elastic material, and let a uniform tangential
stress of p dynes per square cm. be applied to the face 4 in a direction
perpendicular to the line of intersection of 4 and B. The force
ph? acting on A would cause a longitudinal acceleration of the

* See Poynting and Thomson, Properties of Matter, Chapter XI.
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block unless resisted by an equal and opposite force. If the
balancing force were applied to 4 the block would not be strained.
We therefore suppose that a uniform tangential stress of p dynes
per square cm. is applied to the face A’ in a direction opposite to

2

Fig. 3.

the stress on 4. The two forces, each equal to ph? which act on
4 and A’, constitute a couple of moment ph* and would give the
block an angular accleration about an axis parallel to the line of
intersection of A and B, unless opposed by an equal and opposite
couple. This couple is supplied by uniform tangential stresses of
p dynes per square cm. applied to the faces B and B’ in the manner
indicated in Fig. 8. The remaining faces of the cube are not
subjected to any forces.

The forces applied to the faces 4, 4’, B, B are in equilibrium
and will cause no longitudinal or angular
acceleration of the block. But the forces T
will strain the block and will change the ——x = !
faces perpendicular to both 4 and B from | /7,
squares into parallelograms with equal sides,
as shown in Fig. 4. Let the angles of each 1
of these faces, when the block is strained, be | {
Lar + 0 and }r — 6 radians. A (s 250 J

When the stress is small enough, it may
be expected to be proportional to the shear
0, and experiment shows that Hooke’s law
does express the relation between the stress and the shear when

-------

Fig. 4.



1] RIGIDITY 13

they are small. Thus, the ratio of the tangential stress on each
of the faces 4, B, A’, B’ to the resulting shear may be regarded
as an “elastic constant ” of the substance.

The ratio of the tangential stress to the shear is called the
rigidity of the substance and is denoted by n. Since the shear is
a pure number, the rigidity is measured in the same units as the
stress, i.e. in dynes per square cm. Thus,

stress _p

Bt (3)

n =rigidity = =5

The rigidity is evidently the tangential stress which would produce
a unit shear, 1.e. a shear of one radian or 57°18’, if Hooke’s law
held for so great a strain.

As an example of the use of this formula, suppose that a
tangential stress of 10° dynes per square cm. causes a shear of
1-22 x 10~ radians in steel. Then the rigidity is given by

.
122 x 10~

The quantity n is often called the modulus of torsion*, because
it makes its appearance in calculations respecting the torsion of a
wire. But the term modulus of torsion is sometimes also used to
denote the couple required to give a wire a twist of one radian
per cm. of length. To avoid confusion, the term will not be used
in this book.

If the shear be not proportional to the shearing stress, we
can still speak of the rigidity of the substance, but we then
define it as the ratio of an infinitesimal increase of shearing
stress to the corresponding increase of the angle of shear. Hence
in the general case,

=82 x 10" dynes per square cm.

15. Stresses on the diagonal planes of a sheared cube. "
If we take a plane cutting the cube A BA’'B’ (Fig. 8) and parallel
either to the face A or to the face B, the stress is tangential to
this plane and of amount p dynes per square cm., since the

* This term is used in Kohlrausch’s Introduction to Physical Measurements,
Third English Edition, p. 137.
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uniformity of the strain demands that the stress on any plane
parallel to 4 should be equal to that on 4 and that the stress on
any plane parallel to B should be equal to that on B.

But now .take a diagonal plane passing through the line of
intersection of the faces A and B’ and dividing the cube into two
parts. The force on each of the faces 4 and B is ph? and thus
the resultant of these two forces is 2ph?. cos /4 or ph? /2 at right
angles to the diagonal plane in a direction tending to separate one
part of the cube from the other. The area of the diagonal plane
is h?4/2, and hence the stress across this plane is a tension at right
angles to the plane amounting to p dynes per square cm. Since
the strain is uniform, there is an equal stress across every plane
parallel to this diagonal plane.

In a similar way it follows that the stress across the diagonal
plane, which passes through the line of intersection of the faces
A and B, is a pressure at right angles to this plane amounting to
p dynes per square cm. Since the strain is uniform, there is an
equal stress across every plane parallel to this diagonal plane.

The effect of these stresses will be to stretch the cube in the
direction of the tension and to compress it by an equal amount in
the direction of the pressure. Since the shear is p/n radians, we
see, by § 12, that the elongation in the direction of the tension
and the contraction in the direction of the pressure are each
p/2n cm. per cm.

There will be no change of length in the direction perpendi-
cular to both the pressure and the tension, since, if the pressure
produce an elongation in that direction, the tension will produce
an equal contraction. Since the stretching and compression due
to the stresses on the diagonal planes are equal, it follows that,
for small strains, the volume of the cube is unchanged by the

strain. e

3 »
¥ 2
' 16. Alternative method of producing a shear. It may
- be inferred, from the results of § 15, that a uniform shear can be

- produced in a cubical block by a normal pressure of p dynes per
square cm. applied to one pair of faces a, @’ while a normal tension

of p dynes per square cm. is applied to another pair b, ¥, the
remaining pair of faces being free from force. This distribution
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of forces is shown in Fig. 5, where the arrow through the centre
of any face represents the direction of the forces applied to that
face. If each edge of the cube be & cm., the resultant of the forces
acting on the faces «, b is 2ph®. cos /4, or ph®/2, parallel to the

4

Fig. 5.

diagonal plane indicated in the figure. The area of this plane is
I*y2, and hence the stress on this plane is a shearing stress of
p dynes per square cm.; a similar result holds for the other
diagonal plane.

The material will, therefore, suffer a shear of p/n radians and
it follows from § 12 that the lines in the cube, which are normal to
the faces a, @', receive a contraction of p/2n cm. per cm., and those
which are normal to b, b’ receive an elongation of equal amount,
while those which are parallel to the line of intersection of the
faces @ and b are unchanged in length.

It will be noticed that the faces @, b of the cube of Fig. 5
correspond to the diagonal planes of the cube of Fig. 3, the stress
in each case being a normal one. Further the faces 4, B of Fig. 3
correspond to the diagonal planes of Fig. 5, the stresses being now
tangential.

17. Young’s modulus. When an evenly distributed pull
of T dynes per square cm. is applied to each end of a straight
uniform rod, the stress across any plane perpendicular to the
axis of the rod is a uniform tension of 7' dynes per square cm.
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The increase in the length of the rod, caused by this stress, is
found by experiment to be proportional to the length of the rod,
and, for small strains, to the tension, as Hooke's law leads us
to expect.

The ratio of the longitudinal stress to the elongation, i.e. the
increase of length per unit length, is called Young’s modulus of
the substance and is denoted by E; the longitudinal stress is to
be calculated by dividing the total pull by the cross-section of the
stretched rod. Since the elongation is a pure number, Young’s
modulus is measured in the same units as the stress, i.e. in dynes
per square cm.

If a longitudinal stress of 7' dynes per square cm. increase the
length of a rod from / em. to  + X cm.,, the elongation, e, is A/l cm.
per cm. and hence

E = Young’s modulus = elosr‘:;——% =€= )% = % ...(5)

As an example of the use of this formula, suppose that a total
pull of 4 x 10° dynes applied to a steel wire 500 cm. in length
and 5 x 10~ cm. in radius, increases its length by 0'12 cm. The
cross-section is 7 x 25 x 10~* or 7'85 x 10~® square cm. and thus
the stress is 7'=4 x 10°/7-85 or 5710 x 10° dynes per square cm.
The elongation is e = 012/500 or 24 x 10~ cm. per cm. Thus,

E="Tle=51x10%/2"4 = 2'12 x 10" dynes per square cm.

If the elongation be not proportional to the longitudinal
stress, we can still speak of Young’s modulus, but we then define
it as the ratio of an infinitesimal increase of longitudinal stress
dT to the corresponding elongation di/l, where [ is the length of
the rod under the stress 7. Hence, in the general case,

Young’s modulus, Z, is not, in reality, a new elastic constant,
since, in the case of an isotropic substance, we can show, as in § 19,
that £ is connected with the bulk modulus £ and the rigidity »
by the eq'uation
o’ <o
BT

S
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In the case of metals, Hooke’s law fails, if the elongation much
exceed 15 cm. per cm., because the rod receives a “ permanent
set” and does not return to its original length on the removal of
the forces, and hence the greatest strains which can be employed
in experiments are very small. When the rod is stretched, its
cross section 4 becomes slightly less than 4,, the cross section of
the unstretched rod, but the difference is so small that for practical
purposes it is sufficient to calculate the stress by dividing the
pull P by A, In fact, the experimental difficulties are such that
it would be almost impossible to decide whether AX or A\ is the
more nearly proportional to the pull P.

18. Poisson’s ratio. When a rod or wire is stretched by
forces applied to its ends, while its sides are free from force, it
is found that its cross-section diminishes, and hence the strain is
not a simple elongation but an elongation accompanied by a con-
traction in every direction perpendicular to the elongation. For
small elongations the ratio of the contraction to the elongation
is constant for a given specimen, but the ratio varies from
substance to substance.

Let the elongation of the rod, i.e. the increase of length per
unit length, parallel to its axis be e cm. per cm., and let the lateral
contraction, i.e. the diminution of length per unit length, of lines
at right angles to the axis be fem. per ecm. Then the ratio of f
to e is called Poisson’s ratio and is denoted by o. Thus

Lateral contraction _f
Elongation  e°

(7

Since both the elongation and the contraction are pure numbers,
Poisson’s ratio is a pure number and is independent both of the
unit of length and of the unit of force.

As an example of the use of this formula, suppose that, when a
steel wire 1000 cm. in length and 0-1 e¢m. in diameter is stretched
by 04 cm., its diameter diminishes by 112 x 10~ cm. Then the
elongation is 0-4/1000 or 4 x 1074 and the lateral contraction is
112 x 10~%/0'1 or 112 x 10~ Hence

Lateral contraction 112 x 10—
Elongation =~ 4 x 10~

o = Poisson’s ratio =

=28,

o = Poisson’s ratio =

S. E. E. %
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If a rod of length /, having for its section a square of side a,
receive the elongation e, each side suffers the contraction f, and
thus after the strain the length is /(1 + e) and the cross-section
is a®(1—=f)? or a*(1— 2f), because f is very small. Since f=eo,
we see that the elongation e is accompanied by a diminution of
cross-section of 2ce square cm. per square cm., and by an increase
of volume of (1+e)(1—20¢)—1 c.c. per c.c. or e (1 — 20) c.c. per
c.c., when e? is neglected.

In an actual experiment on a metal wire it would be difficult,
by any simple means, to make a direct measurement of the con-
traction, and hence ¢ is generally found by some indirect method.

Poisson’s ratio ¢ is not an independent elastic constant, since,
in the case of an isotropic substance, we can show, as in § 19, that
o is connected with the bulk modulus £ and the rigidity » by the
equation

3k — 2n
7Tk +2n

19. Relations between elastic constants. In the case
of an isotropic substance, two mathematical relations connect the
bulk modulus %, the rigidity #, Young’s modulus E, and Poisson’s

?
3
V4
i
i3
R Ea A
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' V4 )4
o2, s 3 3
3 %‘:’y 1
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2|3
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3
Fig. 6.

ratio o, and thus only two out of these four quantities are in-
dependent. The two relations may be found in the following
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manner :—Let 4, 4, B, B’, C, 0’ (Fig. 6) denote the six faces of
a cube of edge A, and let a uniform normal tension of p dynes per
square cm. be applied to the faces 4 and A’. By § 17, these
forces will produce an elongation of p/E cm. per cm. parallel to
the tension, and, by § 18, a contraction at right angles to B of
op/E cm. per cm. and an equal contraction at right angles to C.

But the same effect can be produced in another way. Replace
the tension p on the faces 4, A’ by three superposed tensions
each equal to Ip, and apply to each of the faces B, B’, C, 0’ a
tension of ip and a pressure of 1p, as indicated in Fig. 6, where
each arrow head stands for ip. To avoid confusion, the forces
acting on the faces (, C" are not shown in Fig. 6. The pressure
then exactly neutralises the tension on each of these four faces.

The tensions of {p on the six faces are equivalent to a hydro-
static pressure of —ip, and hence, by § 13, causec a uniform
expansion of p/3k c.c. per c.c, increasing the volume of the cube
from A* to A*(1+p/3k) and the edges of the cube from % to
k(1 + p/3k)s. Expanding by the binomial theorem and rejecting
p*/k* and higher powers of p/k, we find that the edges are increased
to k(1 +p/9%). Hence the tensions of } p on the six faces cause
an elongation of p/9% in every direction.

We must now take account of the pressures 1p on the faces
B, B’, C, ¢V, and we begin by considering the pressures on B and
B’ in conjunction with one pair of the three partial tensions 1p on
the faces A and A’. By § 16, this set of forces will cause an
elongation {p/2n or p/6n cm. per cm. at right angles to 4, a
contraction p/6n em. per cm. at right angles to B, but no change
of length at right angles to C. In the same way, the pressures }p
on the faces C, (", taken in conjunction with the remaining pair
of partial tensions on the faces A, A’, will cause an elongation
p/6n at right angles to 4, a contraction p/6n at right angles to O,
and no change of length at right angles to B.

Collecting these results, we find that the resultant elongation
in the direction of the original tension is

Lot R oo (ol i)
on on o (Qk 2 T e

But we have seen in §17 that the elongation, when expressed in
2—2
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terms of Young’s modulus, is p/£ cm. per em. Thus, by equating
the two expressions for the elongation, we have

1 1 1
E=9—k+3—n. ........................ ®)

The resultant contraction at right angles to either B or C or in
any direction at right angles to the original tension is

p LB
6n 9%
But, by § 18, this contraction, when expressed in terms of

Poisson’s ratio and Young’s modulus, is e or op/E cm. per cm.
Equating the two expressions for the contraction, we have

cm, per cm.

Gl it 1
'—E = 6— L 9__10 @ teseesecsssissistessaane (9)
Hence, by (8),
3k —2n
g = 6@. ........................ (10)

By equations (8) and (9), when we know the values of any two of
the four quantities k, n, £ and o, we can calculate the values
of the other two. The two which are usually found by experiment
are Young’s modulus and the rigidity.

If we add (8) to (9), we easily find

E
T TR (11)
If we eliminate n between (8) and (9), we have
S ged
g B) 6—]'0‘
From (10) we find
k(1 =20)=20(14+0). .cecevevrrennn. (12)

Hence, if 20 were greater than 1 or if o were less than — 1, either
k or n would be negative. It therefore follows that, for an iso-
tropic solid, Poisson’s' ratio cannot exceed 4 and cannot be less
than —1.

20. Isothermal and adiabatic elasticities. When the
form of a body is changed by the application of forces, there
is, as a rule, a rise or fall of temperature. This effect is very
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conspicuous in gases ; it may also be easily observed in the case of
india-rubber. Thus, if an india-rubber band be suddenly stretched,
there will be a rise of temperature which may be easily detected
by bringing the stretched band into contact with the lips.

If the temperature of each part of the body be maintained
constant while the forces do their work upon the body, there will
be a definite relation between the forces and the changes of form
which they produce. The elastic constants corresponding to this
isothermal condition, will be denoted by k., E; and n,, the sub-
seript ¢ denoting that the temperature is constant.

On the other hand, if no heat be allowed to enter or leave any
part of the body, the temperature will change in a definite manner
corresponding to the action of the forces, and, since the relation
between the forces and the changes of form depends upon the
temperature, this relation, though still definite, will differ from
that which holds when the isothermal condition is satisfied. When
no heat enters or leaves any part of the body, the change of form
is said to take place under the adiabatic condition. Now if d@Q
be the heat which enters a perfectly elastic body under any con-
ditions when the forces receive any given small increments, an
equal amount of heat will be given out under the same conditions
when the forces return to their initial values. Thus the change
is a reversible one and hence, by the principles of thermo-
dynamics*, we can write

dQ=tdep, ......ooiiiiiinn. (13)
where d¢ is the increase of entropy corresponding to the increase
of heat d@ and ¢ is the temperature measured from the absolute
zero. Hence the elastic constants corresponding to the adiabatic
condition will be denoted by k;, E; and ny, the subscript ¢
denoting that the entropy is constant. We may also denote the
adiabatic elastic constants by kg, £y and ny when it is convenient
to do so, the subscript @ denoting that no heat enters or leaves
any part of the body.

In some of the experiments described below, statical effects are
observed, as when a wire is stretched by a load. Here we may
suppose that any change of temperature, due to the application

* See Maxwell, Theory of Heat, Chapter VIII, or Poynting and Thomson, Heat,
Chapter XVII.
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of the load, has disappeared by radiation and by conduction to
the surrounding air before the extension is observed. In other
experiments dynamical methods are employed and the vibrations
of the system are observed. If the vibrations were infinitely rapid,
adiabatic conditions would prevail, since there would be no time
for radiation or conduction to cause any appreciable transfer of
heat. In practice the time of vibration is finite, and thus there
will be some departure from adiabatic conditions. We shall be
able to estimate how close an agreement may be expected between
the results of statical methods and those of dynamical methods,
if we know the relation between the isothermal and the adiabatic
elasticities, for it is easily seen that the value of any modulus
found by a dynamical method, when the time of vibration is fimte,
will lie between the isothermal and the adiabatic values of that
modulus.

21. Ratio of adiabatic to isothermal elasticity. In
discussing the applications of thermodynamics to elasticity, it
is convenient to express the moduli of elasticity in terms of
differential coefficients. In the case of the bulk modulus we
have, by equation (2), § 13,

ky=ko=—v (%}5)4’ = — (%L;)Q, ............ (14)

The subscript @ denotes that the variations p and v are so related
that @ does not change, i.e. so that no heat enters or leaves the
substance. Similarly the subscript ¢ denotes that the temperature
is constant.

Now, if z be a function of two independent variables z and y,

we have
dz = (dx) dz + (dz) dy.

If the variations in # and y cause no resultant change in z, there
must be a definite relation between dz and dy. Putting dz =0
we find the relation to be

@y =~Ehie



1] RELATIONS BETWEEN ELASTICITIES 23

Since the state of a perfectly elastic homogeneous body, which
is subjected to a uniform hydrostatic pressure p, is completely
defined when p and v are known, ¢ is a function of the two
independent variables p and v, and hence, if p and v be so related

that'/ t dOQS IlOt Val‘y,
( p) = — ( Z)) (d’l))
lt - lt l E .

(@~ @),

If, however, p and v be so related that ¢ does not vary,

(4,39, (0.8, /8.

and hence, by (14) and (15),
dQ
(@),

oD, (0 @)
kt (ili—zv))t (Z_g)v (t%_lt))v (%1)
If the mass of the body be m,

(B)ntn (9

where O, and C, are the specific heats at constant pressure and at
constant volume respectively. Hence

ky_ Gy

ke Oy

The reader must bear in mind that the specific heat of a
substance, under any given condition, is the amount of heat which
is absorbed when one gramme of the substance rises from ¢° to
(t+1)° under the given condition, and must remember that, in
estimating the specific heat, we entirely leave out of account any
energy which may be supplied mechanically, as by the action of a
pressure when the volume diminishes.

In the case of Young’s modulus, the state of a given wire is
defined when we know its length and the tension, i.e. the force
per unit area acting across a transverse section, and thus a process
similar to that adopted for & will give

E¢ 1 CT
E O
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where (7 is the specific heat for constant tension and C; the specific
heat for constant length.
In the case of the rigidity, we have in like manner

ny_ 0y

w0y
where C, is the specific heat when p, the shearing stress, is con-
stant, and (), is the specific heat for constant angle of shear. If
the shear have the constant value zero, the shearing stress remains
zero in spite of a change of temperature, for no shearing stress is
required to maintain the cubical form of a cubical block when its
temperature is changed. Hence the heat absorbed while the
temperature rises 1° when the shearing stress is zero is equal to
that absorbed during the same rise of temperature when the shear
is zero, for the two conditions are identical. Thus C, for zero
stress is identical with C, for zero shear. Hence for infinitesimal
shears we may write

ng = Mg.

In practical determinations of the rigidity, we take care that
the shear # is always very small (perhaps not exceeding 1755
radian) in order to keep within the limits of Hooke’s law. We
may therefore conclude that, in such determinations, the same
value of the rigidity will be obtained whether n be found by a
statical method, where the conditions are isothermal, or by a
dynamical method, where the conditions are more or less nearly
adiabatie.

Returning to the bulk modulus, we may expect that C, will
differ from C,, and that, in consequence, k4 will differ from k.
When the pressure remains constant while the temperature rises
from ¢ to t+d¢, the volume will generally change, and then
external work will be done. On the other hand, when the volume
remains constant while the temperature rises from ¢ to ¢ + d¢, the
pressure will generally change, but no external work will be done,
and thus the final conditions of the body are different in the two
cases. Hence we cannot say that equal amounts of heat are
absorbed in the two cases, even though, as may be the case with
an elastic solid, the initial pressure be zero.

Similar considerations apply to Young’s modulus, and thus we
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may expect that Cp, the specific heat for constant tension, will
generally differ from C), the specific heat for constant length.

In the exceptional case where the substance, when subjected
to a constant pressure p, has a point of maximum density at the
temperature £, an infinitesimal change of temperature from ¢ to
t+dt will cause no change of volume, provided the pressure
remain constant, and thus the two conditions of constant volume
and constant pressure become indistinguishable, and C, becomes
identical with C,.

The experimental comparison of C, with C, or of Cp with (;
would probably be more difficult than the direct experimental
comparison of k, with k; or of E, with £, and thus we must look.
for some other method of finding a relation between the adiabatic
and the isothermal values for each of these two moduli.

22. Difference between reciprocals of isothermal and
adiabatic elasticities. Though it is impracticable to calculate
the ratio of the adiabatic to the isothermal value of k or of £ from
the ratio of the specific heat for constant stress to that for constant
strain, yet we can find the difference between the reciprocals of
these values in terms of quantities which can be determined.

We shall now find the difference in the case of the bulk
modulus. On the p-v diagram for unit
mass of a substance let AB (Fig. 7) be an
isothermal line and AC an adiabatic line
or line of constant entropy. Let the
pressure and the volume of the unit mass
at A be p, v and let the corresponding
temperature be ¢t. Let the line of con-
stant pressure p—dp cut the isothermal P—dp
and adiabatic lines through 4 in B and C
and the line of constant volume v in D,
and let the temperature at C be t—dt. Now DB is the increase
of volume which occurs when the pressure falls by dp while the
temperature remains constant, and DC corresponds in a similar
way to constant entropy. Hence

DB =— (dv/dp).dp, DO = - (dv/dp), dp.

Further, CB is the increase of volume which occurs when the

Fig. 7.
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temperature rises by dt while the pressure remains constant, and
thus
OB = (dv/dt), dt.

But DB— DC = CB,
and hence, by (14) and (15), we have

(-

Here dt is the rise of temperature which occurs when the pressure
rises by dp, while the entropy remains constant, and hence

dt = (dt/dp)s dp.
But, by Maxwell’s second thermodynamic relation*,

(dt/dp)y =(dv/d)p, cevvovivaaniniiniinns (16)
(@), - @, @),

L5 (@), (@), - @), @),

But, by (13), since we have unit mass,

t (dg/dt)p = (dQ/dt), = Cy,

and thus, since

we have

and hence, finally,
LR SO (‘ﬂ’f =2 (1 B8 . 2 an
dt/, = Cp\vdt/y

From this equation we can find the difference & — k4™, when we
know the absolute temperature (t), the volume (v) of unit mass,
the specific heat at constant pressure (C,), expressed in mechanical
units, and (v~ dv/dt),, the coefficient of cubical expansion under
the constant pressure p.

Since the right side of (17) cannot be negative, it follows that
k4 is greater than k, unless the substance be at a point of maxi-
mum or minimum density, like water at 4° C., when the coefficient
of cubical expansion under constant pressure, (v~dv/dt),, vanishes.
When this is the case, k, is equal to k.

* See Maxwell, T'heory of Heat, Chapter IX, or Tait, Heat, Chapter XXI, or
Preston, Theory of Heat, Chapter VIII, Section 1v.
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In the case of copper at 0°C., when =273 on the absolute
scale, we have approximately

v=011cec, (v dv/dt), = 5 x 107° degree™,
Cp=0095 x 42 x 107 = 4 x 10° ergs per grm. per deg.
ey =17 x 10" dyne cm.™.
Hence, by (17),
ky -1 tok, (1 dv) _ 273 x 0°11 x 1°7 x 10*

= — —5)2
kg C, \v dt 4 x 10¢ (5> 107

=1-0032.
Thus %k, is about 3 per cent. greater than k.

The process employed for the bulk modulus can be applied,
with slight changes, to give the difference between the reciprocals
of the adiabatic and the isothermal values of Young’s modulus.
If the length of a rod of unit mass and of unit cross-section be
lcm., the work which the rod does when ! increases by dl cm.,
is — Tdl ergs, where T dyne cm.™ is the tensile stress in the rod.
Comparing this with pdv, the work done by a body in expanding
against a pressure p, we see that, if we write —d7 for dp and dl
for dv, in Maxwell’s equation (16), the resulting equation

(dtfdl)g=—(dlfdp)p .oovveennrnnnaneen (18)

will apply to the stretching of a rod of unit mass and unit section
by a tensile stress T.

We can apply Fig. 7 to this case by measuring 7' in the
direction D4 and ! in the direction DB. Using the definition of
Young’s modulus given by equation (6), § 17, we then obtain,

B=—(dl/dT),dT = —(I/E;)dT,
C'=—(dldT)s dT = - (I Ey) dT,
CB = (dl/dt)rdt.
But DB — DC = CB, and hence

l(ﬁf‘t E¢)dT_ (dt) e

Here dt is the rise of temperature which occurs when the tension
rises by d7, while the entropy remains constant. Hence, by (18),

dt = (dt/dT)s dT = — (d/d$), AT,

LIBRARY
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(&), = @), ).
55,1 (@), (Gg), =1 @), (3),

But, by (13), since we have unit mass,
t (d¢/dt)r = (dQ/dt)r = Cr,

the specific heat under constant tension, and hence finally

L8 el it et (I5)

E, Ey I0p\dt)y Cp\ldt/)r =7
Hence E, is greater than K, unless (I7'dl/dt);, the coefficient of
linear expansion under constant tension, be zero.

When there is zero stress, the coefficient of linear expansion is
one-third of that of cubical expansion and also Cyis equal to C,,
and thus, since ! in (19) is numerically equal to v in (17), it follows
that, when the stresses are infinitesimal, the right side of (19) is
one-ninth of the right side of (17). Thus

1 1 1(1 1)

and thus, since

we have

B E, 9\k ks
Et Et kt
or I—E 9/ct<1_k¢>

But, by § 19, E/k, = 3 — 64, and thus

1——«—%(1 20) (1~ )

When, as in the case of metals, o 1s about %,
E 1 ky
1-5,=5(1%)
and thus Z;/Ey is much more nearly unity than k,/k,.
In the case of copper at 0° C., when ¢ =273, we have approxi-
mately
{=011cm. (I dlfdt), =1"T x 10~ degree™,
Cr=0095 x 42 x 107 =4 x 10° ergs per grm. per deg.
E;=12 x 10" dyne cm.™2.
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Hence, by (19),

B, _ | _tUE, lil)’ _1_273x011x12x 102
E¢— C—T<7dt T_ B 4 x 105
=1 -00026.

Thus, £, is only about three parts in a thousand greater than V..

In most cases the experimental difficulties make it impossible
to measure either K, or Ey to within one per cent., and hence
for most purposes we may disregard the distinction between £,
and Ey.

We could find the difference between the reciprocals of the
adiabatic and the isothermal values of the rigidity by a process
similar to that employed for & and £, but it will be more in-
teresting to deduce the result for n from those obtained for &
and £ by aid of the relation connecting n with £ and E. Thus,
by equation (8), § 19,

(17 x 1092

—

]
~E 8k’
and hence, by (17) and (19),
L1 sy s (1dy
tdt/p 3C,\vdt/p’
If we consider only infinitesimal strains in a substance initially
free from strain, we may put

Cr=0,, (v dv/dt), = 3 (I dl/dt),

since the coefficient of cubical expansion is three times that of
linear expansion. Since ! is the length of a rod of unit mass and
unit cross-section, it is numerically equal to v, the volume of unit
mass. Hence the right side of (20) is zero, and thus

S

= o T@), 30 (), (20)

7’14, = Ny,
the same result as that found in § 21.



CHAPTER 1IL

SOLUTIONS OF SOME SIMPLE ELASTIC PROBLEMS.

23. Practical applications of the theory of elasticity.
In Chapter I the elementary principles of elasticity have been
explained, and in Chapter III some experimental methods of
determining the elastic constants will be given. Before we pass
on to those applications of the theory of elasticity, it will be
convenient to give, in the present chapter, the mathematical
solutions of some important problems, since these solutions are
required in connexion with several experiments. The remaining
problems will be considered as they arise in the course of the
experimental work.

Theoretical elasticity suffers from the disadvantage that eract
mathematical solutions for finite strains have been obtained in
very few problems, most of the investigations given in text books
on the subject depending upon the assumption that the strains
are infinitesimal. In most cases it is further assumed that the
stresses which act on the faces of any element of volume, when
an elastic body is strained, produce the same effects as if the
element had continued to occupy its original position. This
assumption is justifiable in many instances, but it sometimes leads
to results which become erroneous when the strains cease to be
infinitesimal, though they may remain very small—so small, in
fact, that there is no question as to the possible failure of Hooke’s
law.

In this chapter we shall endeavour to indicate the points at
which assumptions are made and to consider the difficulties which
arise. The investigations will perhaps appear rather lengthy, but
it is hoped that this will not be thought a serious disadvantage.
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In practical work in elasticity, additional difficulties make
their appearance. Thus, it is seldom, if ever, possible to apply to
the surface of the body the distribution of stress corresponding to
the mathematical solutions given in this chapter, and hence it
often becomes necessary to rely more on the light of instinct,
instructed and guided by quantitative experiments, than on strict
mathematical analysis. In addition, there is the practical difficulty
that we have no means of ascertaining to what extent a given rod
or wire is non-isotropic. In some cases, indeed, the experimental
results show that the theory of isotropic elastic solids, which is
given in Chapter I, entirely fails to account for the experimental
facts*.

24. Principle of Saint-Venant. In many practical cases
it is impossible to produce exactly that distribution of stress over
the surface of an elastic body, which is assumed for the purpose of
obtaining a problem capable of solution by comparatively simple
mathematics. In these cases we fall back on a principle stated by
Barré de Saint-Venant in 1855. “ According to this principle, the
strains that are produced in a body by the application, to a small
part of its surface, of a system of forces statically equivalent to
zero force and zero couple, are of negligible magnitude at distances
which are large compared with the linear dimensions of the partt.”

In any given case, much depends upon what is meant by “strains
of negligible magnitude ” and by “ distances which are large com-
pared with the linear dimensions of the part.” But, when the
body takes the form of a rod, there is mathematical evidence to
the effect that if S, and S, denote two different systems of forces,
which, taken together, are statically equivalent to zero force and
zero couple, and if S, and S, be simultaneously applied to the rod
near one of its ends, the resulting strain at any point diminishes
very rapidly as the distance of the point from the end increases
and is much less than one hundredth of the strain due to either
8, or 8, acting alone, provided the distance of the point from the
end exceeds twice the greatest width of the transverse section of
the rod.

* See, for example, ExperiMeNT 8, Chapter 1II.
1 A. E. H. Love, Treatise on the Mathematical Theory of Elasticity, Second
Edition, p. 129.
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The distribution of force over the ends of a rod, which the
simple theory demands in any given case, cannot, as a rule, be
produced in an actual experiment. But Saint-Venant’s principle
assures us that, if we apply to the rod, in the neighbourhood of an
end, any distribution of force statically equivalent to the system
which the simple theory assigns to the end of the rod, the state
of stress and strain set up in the interior of the rod is practically
the same as in the simple theory, except, of course, in the immediate
neighbourhood of the end. An example of the application of
Saint-Venant’s principle is noticed in § 41.

In any particular problem, the principle may be tested by
varying the length of the rod and comparing the results obtained
for different lengths. Thus, in the Practical Example of Ex-
PERIMENT 4, Chapter III, 1t was found that, within the error of
experiment, the angle through which the pointer turned, when a
given couple was applied to the rod, was proportional to the
distance of the pointer from the face of the block into which the
fixed end of the rod is soldered. In this experiment the rod is
held by forces applied to the curved surface of the rod, while in
the theory of § 39 the forces are applied to the plane end of the
rod. We may conclude that, in the experiment, the strains at
distances from the face of the block exceeding one centimetre did
not differ appreciably from those which would have existed if the
rod had ended in a plane at the face of the block and the forces
discussed in § 39 had been applied to that plane.

25. Dr Filon’s results for tension. Dr L. N. G. Filon* has
obtained the necessary mathematical formulae and from them has
deduced numerical results which enable us to gain some idea of
the character of the strain in a circular cylinder under tension,
when the pull is not applied evenly over the ends of the cylinder,
but is produced by tangential forces acting on the sides of the
cylinder. These results show that the strain at a point near the
surface of the cylinder is practically independent of the manner in
which the pull is applied, provided that the distance of the point

* «On the elastic equilibrium of circular cylinders under certain practical
systems of load.”” Phil. Trans. Royal Society, Vol. 198, A, pp. 147—233.
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from the nearest point of application of the pull exceeds half the
radius of the cylinder.

Dr Filon considers the case of a cylinder A4’ (Fig. 8) of length
2¢ and radius . He takes

AB=A'B'=}c, BC=BC =}, C0O=C"0=1c,

Fig. 8.

and supposes that tangential stresses parallel to the axis of the
cylinder of amount p dynes per square cm. are applied to the
bands BC and B’C’. The total pull is thus Zmacp. The re-
mainder of the surface of the cylinder is free from stress.

On account of symmetry, the molecules in the central transverse
plane through O will not be displaced parallel to the axis of the
cylinder when the pull is applied.

Denoting by w the increase of distance of a particle from the
central plane, Dr Filon has calculated the ratio of w to w,, where
w, 18 the displacement which the end of the cylinder would have
had if the pull 27acp had been uniformly distributed over the
plane ends of the cylinder. The original distance of the particle
from the central plane is z and its original distance from the axis
is . The results in the table* have been calculated for the case in
which Poisson’s ratio (o) is 1 and the total length of the cylinder
1s half its circumference, so that wa = 2c.

All the particles originally at a distance of ¢/10 or wa/20 from
the central plane would have had the displacement w,/10 if the
pull had been applied to the ends of the cylinder. From the
table we see that at the surface, where r=a, w is 0°1097w, or

* Phil. Trans. Vol. 198, A, p. 172.
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about 10 per cent. greater than w,/10, and this approximation to
uniform stretching has been reached in a distance as small as
about «/3 from the nearest point of application of the tangential
force. If the distances CO and C’O had been greater in proportion
to the diameter of the rod than in Dr Filon’s calculations, the
displacements of points near the central plane would have differed
still less from those occurring when the rod is uniformly stretched
by a force 2wacp evenly applied to its plane ends.

Values of w/w,.

z r=0 r=02a r=04a r=06a r=q

0 0-0000 0-0000 0-0000 0-0000 0-0000
Olc 0-0569 0:0600 0:0699 0-0868 01097
0-2¢ 01113 0-1169 0-1349 01675 02290
03¢ 01624 01695 01926 02368 0-3825
0-4¢ 0-2113 0-2192 02446 02949 05924
05¢ 0-2601 0-2683 02947 0-3471 06715
0°6¢ 03090 03174 03442 0-3954 06881
07¢ 03549 03636 03903 04372 06742
08¢ 03930 04016 04270 04668 0-5176
09¢ 04181 04265 04500 04825 04974

¢ 04268 04351 04577 04872 | 04920

The displacements of points on the surface are much more
nearly equal to those in a uniformly stretched rod than are the
displacements of points near the axis. Thus, for points on the
axis, where » =0, the displacement of the point for which z =¢/10
is only about w,/18 instead of w,/10. This was to be expected,
since the chief part of the longitudinal pull is borne by the outer
layers of the cylinder; the inner core, therefore, is comparatively
little stretched. But the difference in the extension of the inner
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core and the outer layer is not of much consequence in experi-
ments, since our observations are restricted to the surface of the
cylinder.

The student will find it instructive to plot a curve for each
value of z showing how w depends upon 7.

In another paper*, Dr Filon has considered the case of an
infinitely long rod XX’ (Fig. 9) of rectangular section with sides
2a and 2b centimetres, the side 2b being either very great or very
small compared with the side 2a. To the end X a longitudinal
force of 4abF dynes is evenly applied so that the tension at the

X’ D X
2
ﬁabF 7
c

2| f—>

4abF

1Y
2aVF <)/
1Y

Fig. 9.

end is F' dynes per square centimetre. At a great distance from X,
a force of 2abF dynes is evenly applied to the surface of the rod
along each of the lines CD and C"D’, in which a transverse plane
cuts the rod. The force per unit length of each of these lines is
thus bF dynes per centimetre. The lines CC’ and DD’ have no
forces applied to them and the end X’ is free from stress.
Dr Filon has calculated the elongation e at a point P on the face
containing CD at a distance « from CD, x being counted positive
when P lies between CD and X. If the rod had been stretched
by two forces each equal to 4abF evenly applied at X and X7, the
elongation would have had the constant value F/E, where ¥ is
Young’s modulus (§ 17, Chapter I). The following tablet, which

* ¢« On an approximate solution for the bending of a beam of rectangular cross-
section under any system of load.” Phil. Trans. Royal Society, Vol. 201, A,
pp. 63—155. Some changes have been made in Dr Filon’s notation.

+ Phil. Trans. Vol, 201, A, p. 145.

3—2
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has been calculated for the case where Poisson’s ratio is }, gives
the ratio of ¢ to F/E for a series of values of .

e e
y FIE b FIE
wb +0-997 —1xb - 0652
2md +0°982 —inb —-0084
1nb +0-985 —3nb ' +0-015
Inb +1-084 —3%mb 40018
tmd ‘ +1-652 ) +0°003

It will be seen that the surface elongation reaches its limiting
value F/E with great rapidity. At a distance from the lines of
application of the pull equal to =b, i.e. equal to about one and
a half times the distance between those lines, the elongation differs
from F/E by only three parts in a thousand.

26. Dr Filon’s results for torsion. Dr Filon* considers a
cylinder 4 A’ (Fig. 10) of length 2¢ and radius @ and supposes that
a uniform tangential stress of 7' dynes per square cm. is applied to
the surface over the bands AB and A’B’, each of width ¢, in the

Fig. 10.

manner indicated by the arrows, the total torsional couple being
thus equal to a7 dyne-cm.

* ¢On the elastic equilibrium of circular cylinders under certain practical
systems of load.” Phil. Trans. Royal Society, Vol. 198, A, pp. 147—233.
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By symmetry, the particles in the central transverse plane
through O, where z=0, suffer no rotation round the axis.

If couples + wa’T, were applied to the plane ends of the
cylinder in the manner described in § 89, they would produce
uniform torsion and would cause the point A, for which z, the
distance of a point from the central plane, is equal to ¢, and
r is equal to a, to move round the circumnference of the cylinder
through a distance v, where

vo=2¢T/na

and % is the rigidity*. Under this uniform torsion, a point, for
which z=pc and r = ¢a, would move through a distance pqv, at
right angles to the plane containing the axis and the radius ». In
the actual case, when the torsion is caused by stresses applied to
the bands AB and A'B’, this particle will move through a dis-
tance v at right angles to the plane containing the axis and the
radius.

Values of v/v,.

z r=0 r=02a r=04a r=06a r=a

0 0-0000 00000 00000 00000 0-0000
Ole 00000 00197 0°0396 00598 01003
02¢ 0°0000 00392 0-0789 01193 02007
03¢ 0-0000 0°0584 0-1176 01784 03018
0-4e 0-0000 0-0767 01549 02361 04046
05¢ 0-0000 00937 0-1898 0-2907 0:5169
06¢ 0-0000 0-1086 0-2206 03393 06190
07¢ 0-0000 01210 02459 03790 06920
08¢ 00000 01301 0:2646 04081 07430
09¢ 0-0000 01360 02761 04257 07734

c 00000 01376 0:2799 04316 07835

* The expression for v, may be deduced from equation (23), § 39.
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Dr Filon has calculated* the values of v/v, for the case in which
the total length of the cylinder is half its circumference, so that
Ta=2c.

It will be seen from the table that, as long as z or pc is less than
¢, the value of v at r=gqa is very nearly equal to pqv,. Hence
between the transverse planes B and B’ the particles move round
the axis in very nearly the same way as if the cylinder were
uniformly twisted by couples applied to the plane ends in the
manner described in § 39.

UxirorM BENDING OF A Rob.

27. Introduction. When a rod is bent, some of the longi-
tudinal filaments are lengthened and some are shortened, and thus
it may be expected that the resistance, which the rod offers to
bending, will depend upon Young’s modulus for the material. In
the following sections we shall show how to calculate approximately,
in terms of Young’s modulus, the system of forces required to
bend a rod, when the bending is uniform and small. The exact
solution for finite bending has not yet been found by any mathe-
matician. An approximate treatment of non-uniform bending is
given in Chapter III (EXPERIMENT 10).

We shall consider the case of a straight rod of uniform section
and shall suppose that the rod has a plane of symmetry parallel
to its length. Then this plane intersects every transverse section
in a straight line, which is an axis of symmetry for that section.
Bars of rectangular or circular section are examples of such rods.

Let the reader take a steel rule about 0'1 cm. in thickness and
two or three cm. in width and let him bend it. He will then
observe that the transverse section does not remain a rectangle.
The long sides of that section become curved, their centres of
curvature and the centres of curvature of the longitudinal filaments
of the rule lying on opposite sides of the rule. Rough observations
made with the aid of a straight-edge will show that the radius of
curvature of a long side of the transverse section is not more than
three or four times as great as the radius of any longitudinal
filament. Hence, if we take two sections passing through a
normal to the face of the steel rule, one transverse and the other

* Phil. Trans. Vol. 198, A, p. 229.
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longitudinal, the deformation of the transverse section is of the
same order of magnitude as the deformation of the longitudinal
section, and consequently must be taken into account.

But this curvature of the transverse fibres does not occur to
any appreciable extent when the rod takes the form of a thin
strip of metal and the radii of curvature of the longitudinal
filaments are small compared with «?/b, where 2a is the width of
the strip and 2b is its thickness. This case therefore requires
special investigation, and will be considered in §§ 35 to 37.

28. Strain and stress in a uniformly bent rod. We
shall now investigate the system of forces which ‘must be applied
to a uniform rod to bend it so that all the longitudinal filaments
are bent into circular arcs in planes parallel to a plane of symmetry
of the rod. This plane may now be called the plane of bending.

In order that the bending may be uniform along the length
of the rod, it is necessary that the centres of curvature of all the
longitudinal filaments should lie on a straight line perpendicular
to the plane of bending. This straight line may be called the
axis of bending. The uniformity of bending also requires that all
the particles, which lay in transverse planes before the rod was
bent, lie, after the bending, in corresponding planes passing through
the axis of bending. These planes therefore cut the filaments at
right angles.

We shall examine the strains and the stresses which exist,
when the conditions are such that the sides of any longitudinal
filament are entirely free from stress. On account of this condition,
each filament will be free to contract or expand in a transverse
direction when its length is increased or diminished, exactly as if
it were isolated from the rest of the rod. We shall show later
that the solution obtained in this way is a good approximation to
what occurs when a rod is bent by couples applied at its ends,
provided that the radii of curvature of the longitudinal filaments
are great compared with a?/b, where 2¢ is the width of the rod,
measured in a direction parallel to the axis of bending, and 2b is
its thickness*.

* The method we shall employ is a modification of that used by Thomson
(Lord Kelvin) and Tait. (Natural Philosophy, Vol. I. Part 11. § 711, New Edition.)
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Though we have specified that the sides of the longitudinal
filaments are free from stress, we do not exclude the possibility
that, to produce equilibrium, it may be necessary to apply to each
element of volume of the rod a force like that due to gravity,
which may be regarded as acting at a distance. Such an action
will be called a “body force” and will be measured in dynes per c.c.

Since the rod is uniformly bent, it follows that the stress on a
transverse section of any longitudinal filament is normal to that
section, and thus the stress is a positive or negative tension.

If the cross-section of any filament be a square cm. and if the
stress be a positive tension of 7' dynes per square cm., the force
acting across the section is 7a dynes. If the radius of curvature
of the filament be r cm. and if the angle between the transverse
planes at the ends of a small portion of the filament of length
s cm. be @ radians, we have @ =s/r. The resultant of the two
forces which are applied to the ends of this portion is a force
2Tasin £60 dynes at right angles to the filament and parallel to
the plane of bending. When @ is infinitesimal, the force becomes
Taf or Tas|r, a force proportional to the volume, as, of the portion
of the filament.

To maintain equilibrium a radial “body force” of T/r dynes
per c.c. must, therefore, be supplied by some agent acting “at a
distance.” As such a force does not exist in nature, we shall
consider, in §§ 32 to 34, what effects are produced when this force
is not supplied. For the present it will be supposed to act.

29. Change of cross-section due to bending. One of
the filaments in the plane of bending will be unchanged in length
when the rod is bent. This filament will be called the neutral
filament. Let the radius of curvature of the circular arc into
which it is bent be p. In Fig. 11* is shown a section of the rod,
when bent, made by a plane containing RH, the axis of bending,
and here O is the point where the neutral filament cuts this plane.
Take rectangular axes 0X, OY parallel and perpendicular to RH,
let PN =2 and PM =y be the coordinates of any point P of the
strained section and let PM meet RH in A. Then MK =p. The

* For the sake of clearness, the dimensions of the section have been greatly
increased relatively to the distances OR, OS.
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square, though changed in area. Hence any two transverse
fibres which intersected at any angle in the unstrained section
intersect at the same angle in the strained section, and thus the
two sets of fibres which were originally parallel to OX and OY
are changed by the strain into two sets of curves, such that the
curves of one set intersect the curves of the other set at right
angles, like lines of force and equipotential lines.

Now those longitudinal filaments, which cut the plane X0V
(Fig. 11) above OX when the rod is bent, have suffered a lateral
contraction and those below OX have suffered a lateral expansion,
and hence the transverse fibres in the plane XOY which were
originally parallel to OY are no longer parallel to OY. Further,
since the angles of intersection remain unchanged, the transverse
fibres which were parallel to OX are bent so that they become
curves convex to RH, the axis of bending.

Now, by (2), the lateral contraction of all the longitudinal
filaments which are finally at the same height above OX is the
same, and thus, if the curved arc P, N, represent that fibre in the
straight rod which is represented by the straight line PN in the
bent rod, we have, since PN =,

arc P Ny—x _ Y
PN, /==
| et 2,
or Py P0N0+ 5 1.

Hence, all the points in the section of the straight rod, whose
distances from OY, measured along curves of the same character
as Py N,, were constant and equal to I, now lie upon the straight
line

gl G (9

i 1.

Any fibre such as P,N, in the straight rod will have a definite
radius of curvature ¢ in the neighbourhood of N,. If we treat
P,N, as part of a circle of radius ¢ and denote by «, the per-
pendicular distance of P, from OY, we have

zy = q sin (I/q),

o f®\ (%, 1&g 1.3 & \
or l-qsm‘(a>—q(-q—+§§(—1—3+2'45q5+.../.



11] CHANGE OF CROSS-SECTION 43

Thus approximately, when #,/q is small,
{—my,

Z, —6—q""

Hence, if , = ¢/10, the difference between [ and «, is approximately
2,/600 and thus, when #, does not exceed ¢/10, we may neglect
the difference. In this case we may consider that the transverse
fibre in the unbent rod which is straight and has the equation

&, = constant

is transformed by the bending of the rod into the straight fibre
having the equation

This straight line is represented by S@ in Fig. 11. It cuts
OX in @, where OQ =4, and OY in S, where OS=p/o. Thus,
to our degree of approximation, OQ is equal to the original length
of the fibre which is represented by PN in the bent rod. Since
p/o is independent of x,, the point S is fixed, and hence all the
straight lines which are parallel to OY in the unstrained section
are changed into straight lines passing through S. If we denote
the distance OS by p’, we have

OS8=p'=plo. .ccooveiirvirinninninnns (5)

Since the lines originally parallel to OX are strained so as to
cut at right angles the lines which were originally parallel to OY,
it follows that the former are changed by the strain into arcs of
circles having S as a common centre.

Hence the transverse fibre passing through O and originally
perpendicular to OY is strained into the form of a circle of radius
p'=plo.

When y is small compared with p, the radius of curvature ¢
of any transverse fibre in the straight rod (such as P,N,), which
becomes parallel to OX in the bent rod, is approximately equal
to p’, and hence (3) may be written

l—z, a2

x, 6p"’

Thus the above investigation applies with great accuracy so long
as p’ 1s not less than 10 times the greatest value of a,.
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The longitudinal filaments which lay in the plane through O
perpendicular to OY, when the rod was unstrained, are strained so
as to lie upon an anticlastic surface having radii of curvature p
and p’ in the principal sections at O, the two centres of curvature,
R and S, lying on opposite sides of the surface*.

To complete the investigation of the change of form of the
transverse section, we will find how the distance » between O and
any point IV on the axis OY in the strained section depends on the
distance y, between the corresponding points in the unstrained
section. If on OY we take a neighbouring point defined by 7 + dn,
its distance from the first point is changed by the strain from
dy, to dz, and hence the lateral contraction f is

d.'_‘/o d")
e o
Hence by (2) and (5)
dn an
=1- l——=1——. .. 6
st = p (6)

Now, in the case of metals, Hooke’s law begins to fail when the
elongation e exceeds about 17;; and thus we see from (1) that, in
practical measurements, p should be so large in comparison with
the thickness of the rod in the plane of bending that the maxi-
mum value of 7/p does not exceed 5. Thus since, by § 19,
Chapter I, ¢ cannot be greater than } in an isotropic elastic solid,
on/p will not exceed 55y and thus it will suffice to write y, for 7
on the right side of (6). Then, since 7 =0 when y,=0, we obtain,
on integration,

= _— —y02 7
n yo 2p/ .............. ( )
The exact solution is easily found to be

S ey S % _
I o5 ) i st 5 e e

which is nearly the same as (7) when y,/p’ is small.
We can now construct a diagram to show the distortion of the
transverse section of a rectangular rod. In Fig. 12, O is the point

* Fig. 18 may assist the reader to realise the character of an anticlastic surface.
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be found by the aid of Fig. 12, On the net-work of straight lines
drawn on the section of the unstrained rod we mark a set of
points lying on the boundary of the unstrained section, and then
mark on the net-work of radii and circular arcs a second set of
points corresponding to the first set. The curve drawn through
the second set is the boundary of the strained section.

30. Position of the neutral filament. The resultant effect
of the normal stresses across any transverse section may be reduced
to (a) a force ¥ which acts at right angles to the section and will
be taken as acting along the tangent to the neutral filament, and
(b) a couple @, having its axis perpendicular to the plane of
bending *.

Under the assumed conditions, the sides of a longitudinal
filament are free from stress and thus, by (5), § 17, Chapter I,
if T be the tension in a longitudinal filament, 7= Ee. Hence,

by (1)
T=Eylp. coveivviiriininiannn. ©))

If a be an element of the strained section at a distance y from 0.X,
we have

F=2 fa—~ % SUY. e, 9)

The resultant of the two forces which act at the ends of a
portion of the bent rod comprised between two transverse planes
inclined at an infinitesimal angle € is ¥6, and hence, since this
portion corresponds to a length p@ of the neutral axis, we see that
the resultant of the body forces per unit of length of the neutral
axis is ¥/p.

Now any distribution of normal stress over the transverse
section such that 7'= Ey/p, together with the body force 7'/r or
T/(y + p) per unit volume will bend the rod in such a way that
the sides of the longitudinal filaments are free from stress, but
to different distributions there will correspond different neutral
filaments.

The most important distribution of stress is that for which
the force F vanishes, for then #/p, the resultant of the body forces

* See Note I.
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per unit length of the neutral axis, vanishes also. In this case
the body forces could be supposed to arise from mutual actions
occurring within the rod and would not require the operation of
any external agent.

The force F will vanish provided that

Sy =0. coooreeriereeeeenenn, (10)

But Zay= Ah, where A is the area of the strained section and
h is the distance of the “centre of gravity” or centroid of the
section above OX. Hence 2 =0, or, in other words, the neutral
filament passes through the centre of gravity of the strained
section. When the deformation of the transverse section is very
small, we may consider that the longitudinal filament through the
centre of gravity of the unstrained section remains unchanged in
length and is therefore the neutral filament.

Since the force F vanishes, the stresses acting across any trans-
verse section are equivalent to a couple.

31. Bending moment. By §4, Chapter I, the sum of the
moments about the axis OX (Fig. 11) of the forces exerted on
the part of the rod on one side of the transverse section by the
tensions in the longitudinal filaments is equal and opposite to the
“bending moment,” ie. the moment about the same axis of the
forces applied to the same part of the rod. The force due to the
tension 7' in a filament of section a is 7o and this force acts at a
distance y from OX. Hence, by (8), if G be the bending moment,

G= 2Tay=§ ayt.

But Zay? is the “moment of inertia” of the area of the strained
section about the axis OX. If Say* be denoted by I, we have*

. P
When the rod is bent by couples applied to its ends, the neutral
filament passes through the centre of gravity of the strained
section (§30) and then I is the “moment of inertia” of the
strained section about an axis through its centre of gravity per-
pendicular to the plane of bending.

* The values of I for some simple forms of area are given in Note IV, § 12,
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Since the deformation of the transverse section is very small
in practical work, we may take I as equal to /, the “moment of
inertia ” of the unstrained section about an axis through its centre
of gravity at right angles to the plane of bending, unless the rod
takes the form of a blade. In this case (11) no longer gives the
couple when 1/p becomes at all large compared with b/a?, where
2a 1s the width of the blade parallel to OX and 2b is its thickness.
We shall see in § 37 that we must now write

G(1—co%)=EI,/p.
Equation (11) is of fundamental importance in the theory

of the bending of rods and is frequently required in practical
work.

32. Removal of the ‘“body-forces.’”” We must now
examine the effects which would follow the removal of the “body
forces ” which were introduced in § 28 to ensure that the sides of
the longitudinal filaments should be free from stress. The removal
may be effected by superposing a second set of body forces equal
in magnitude to those already applied, but with opposite directions.
We may regard the results of §§ 29, 30 and 31 as good approximations
to the results corresponding to the natural case in which a rod is
bent by couples applied to its ends and is not acted on by any
body forces, provided that the form found for the strained section
in § 29 is not perceptibly changed when the second set of body
forces is applied.

In Fig. 11, the coordinates of P are , y and hence, by § 28,if ¥
be the body force at P,

Y =T/(p+ y) dynes per cec.

But, by (8), T=Lylp
and hence Y= _Ey__.
plp+y)

Now the volume of a portion of a longitudinal filament which
has the cross-section dzdy and is terminated by a pair of trans-
verse planes inclined at a small angle 6 is (p + y)6 dz dy, and hence
the force acting on this element is

Y(p + y)@dzdy dynes,
or BB e AR pits oo i 15 1 iy stapn ok (12)
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Thus the force is proportional to y and acts upwards or downwards
according as P is above or below OX. When the rod is bent by
couples, the resultant of the “body forces” on any portion bounded
by a pair of transverse planes is zero, and hence, since 0Y is a
line of symmetry for this section, the “body forces” which act on
the part of the wedge of angle € which lies on one side of OY must
themselves have a zero resultant and are thus equivalent to a
couple.

If we consider the total force acting on an elementary wedge of
angle 6 and width dur, extending from V to V' (Fig. 11),we see
that it vanishes when MV =MV’ and that it will nearly vanish
when MV and MV are nearly equal.

When the cross-section is initially symmetrical with respect to
0X, we see, by § 29, that in the neighbourhood of OY, MV is
less than MV’ and hence, since O is the centre of gravity of the
strained section, MV 1s greater than MV’ when PN exceeds some
definite value*. Hence the reversed forces which correspond to the
part of the section to the right of OY will give rise to a couple
tending to destroy the curvature of the transverse fibres which had
been bent into circular arcs, and will cause new stresses in these
transverse fibres. It would be difficult to determine the precise
values of these new stresses, but it is clear that there will be a
positive tension in the transverse fibres near U (Fig. 11) and a
negative tension in the transverse fibres near U".

To make the discussion as definite as possible we shall consider
the case of a bar of rectangular section, having a width 2a
parallel to OX, i.e. parallel to the axis of bending, and a thickness
2b parallel to OY.

33. Case of a rod. If a straight line be drawn between the
ends of the circular arc passing through the point O (Fig. 12), the
greatest distance of the arc from the chord is approximately a?/2p’;
when this is small MV and MV’ (Fig. 11) will be nearly equal,
since O is the centre of gravity of the strained section. In this
case the bending moment due to the reversed “body forces” will
be small. If, at the same time, b be large compared with a?/2p’,
we may expect that the change of section due to the reversed

* These statements are illustrated in Fig, 12.
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“body forces” will be small, in which case the distortion represented
by Fig. 12 will be a good approximation to that which actually
occurs when a rod is bent by couples and no “body force” is
supplied.

In the Practical Example of EXPERIMENT 9, Chapter III, the
rod was such that @ =124, b=015 cm. and thus @?/2b =513 cm.
The least value of p’ in the experiments was 485 cm., or nearly
100 times a?/2b. In such a case the effect of the reversed “body
forces ” may be safely neglected.

34. Case of a blade. When a/b is great, a quite moderate
bending of the rod is sufficient to cause p’ to be small compared
with a?/2b, although p’ may be great compared with & as well as
with b. Thus, it is quite easy to bend a blade or strip of thin
metal, for which b =001 ¢m., so that p, the radius of curvature of
the longitudinal fibres, is 10 cm. The value of p’ deduced from
the formula p’ = p/o is then about 80 or 40 cm. according to the
value of o. But @ need be no greater than 2cm. to make
a?/2b =200 cm., and then a?/2b much exceeds p’, and a?/2p’ much
exceeds b.

The case in which p is small compared with a?/2b is of some
interest, since, under these conditions, the actual distortion of the
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cross-section, when the blade is bent, differs entirely from that
discussed in § 29 and represented in Fig. 12. We shall therefore
consider this case in some detail.

Let A B (Fig. 13) represent the section of the bent blade and
let C be the point on OY which is midway between the curved
sides of the section. By § 29, we see that, when a/p’ is small, we
may take the dotted curve ACB, which is midway between the
sides of the section, to be an arc of a circle of radius p’.

We must first find the distance of C from O, the centre of
gravity of the strained section. If OC=p, the curve ACB may
be represented approximately by

mz

2 "

To find p we express the fact that the centre of gravity coincides
with 0. Thus approximately, if 2 be the ordinate of the centre

of gravity of the section ACB,

y:

dabh = 2["3/ . 2bde = 4b fa(w’/2p' —p)de
0 0

2
= 4ab (_‘1_/ - ) :
6p p
But 2 =0, and hence
p = a*/6p’,
so that the equation to ACB is

y =@ —{a)p".
Let M be the moment about an axis through C, perpendicular to
the plane of Fig. 13, of the “body forces” which act on the half
(corresponding to AC) of a portion of the blade bounded by two
transverse planes inclined at a small angle 8. Then if we write
2b for dy in (12), we find

M= Eﬁfawy .2bdx = 2bl€7€j-a(§w" —ta*z) da
P Jo PP Jo
_a*bEe
120"
The section of this portion of the blade in a plane through OY
perpendicular to the plane of Fig. 13 is approximately a rectangle
4—2



52 MATHEMATICAL SOLUTIONS [ch.

with sides pf and 2b, and thus, if J be the moment of inertia of
this rectangle about an axis through C perpendicular to the plane
of the figure*,

J = 3b%p6.

In finding 1/R, the change of transverse curvature which the
reversed “body forces” would produce in the portion of the blade
under consideration, we must remember that the fibres at right
angles to the plane of Fig. 13 are unable to change in length
owing to their connexion with the neighbouring parts of the blade,
and we must make allowance for this in the manner described in
§ 35, 36, 37. We can then make a rough estimate of R by
applying the formula (22) of § 37 to this case and writing

EJ

1-»R Fot-
Hence

EJ 8pb? ,

Rl arse

If =14, R will equal p’ when p*=15a¢/128b* or p = 0'34a?/b.
Hence we may expect that, when p is less than a?/3b, the section
of the blade, instead of being bounded by radii and arcs of con-
centric circles will be practically a rectangle A’OB’ with a slight
distortion at each end as shown by the dotted lines in Fig. 13.
The reader may easily confirm this expectation by bending a thin
strip of metal so that p is less than a?/3b. It will be seen that
the anticlastic curvature of Fig. 12 no longer exists.

Ux~irorM BENDING OF A BLADE.

35. Introduction. In §§ 28 to 33 we have investigated the
bending of a rod when the sides of the longitudinal filaments are
free from stress and have found that the cross-section will be
distorted as in Fig. 12. But experiment shows that when a blade,
Le. a long and wide strip of thin metal, is uniformly bent, it does not
differ appreciably from part of a circular cylinder, however great the
curvature may be, and thus the transverse fibres originally parallel

* See Note IV, § 12.
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to the axis of bending are not appreciably bent. Since, for the
reasons given in § 34, the theory of § 29 entirely fails in this case,
a fresh investigation is required.

We shall now consider the bending of a blade when the
conditions are such that the transverse fibres originally parallel
and perpendicular to the axis of bending remain parallel and
perpendicular to that axis after bending. As in § 28, we shall
introduce a “body force” to counterbalance the radial force due to
the tensions on the ends of any element of a longitudinal filament.

The blade before it is bent is a rectangular block of length 27,
of width 2, and of thickness 2b,, and «, is great compared with b,.
When it is bent, the filaments parallel to the length 2/, lie along
circular arcs.

Let ABCD (Fig. 14) be a section of the blade when bent, the
side AD being parallel to RH, the axis of bending. Let 4D=2a
and 4B =2b. Since all the transverse fibres perpendicular to RH
remain straight and perpendicular to RH, the lateral expansion
of every part of each of these fibres parallel to RH is the same.
This expansion will be denoted by » em. per cm.

(o] K B
S
<—— |- &~ p /I, 3 Den L
X
Q
—><' ___________ e —
D L A
R H.
Axis oF BENDING
Fig. 14.

Let OX be the straight line intersected by all the unstretched
longitudinal filaments and let the small rectangle P represent an
element of area of unit length OQ and width dy, where PO = Y.
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Since the element P retains its rectangular form, the stresses
on the sides of the longitudinal filament of which P is a section
must be normal to those sides. The introduction of the “body
force ” relieves the sides parallel to OX of stress and there only
remains a normal. stress on the sides parallel to OY. This we
shall suppose is a tension of S dynes per square cm. The longitu-
dinal tension of the filament is 7" dynes per square cm.

Just as in § 29, if the elongation of the longitudinal filament
through P be e,

e=ylp,
where OR=p. This elongation is due to the stresses T" and S
alone, since there is no pressure or tension in a direction at right
angles to both 7' and S. The stress I' causes an elongation T'/E
and the stress S a contraction ¢S/E, both in the direction of 7.
Thus
T—oS=FEe=Eylp. ..cco0vvvvnrnnin. 13)

Similarly, the tension S causes an elongation S/£ and the tension 7'
a contraction o7'/E parallel to OX, and thus

—oT+8=Eu. .ocvvvvninvnnnn.n. (14)

From (13) and (14) we obtain
A-)T=Eylp+ocku,................. (15)
A-0)S=cEy/p+ Eu................... (16)

If we could assume that the width of the blade remains un-
changed, so that u =0, we could at once find 7" and S in terms
of y. But there do not appear to be any grounds for this
assumption and hence the value of u must be found. The
calculation shows, however, that u is negligible, being of the
second order of small quantities.

36. Position of neutral filaments. If 2 be the height
of the centre of gravity of the area A BCD above OX, and if BC
and AD cut OY in K and L respectively, we have OK=b+h
and OL=0b-—h, and thus '

h+d

di o s ey
55 i B fh—by  froaid 4
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Further, if I be the moment of inertia of the section about OX,
h+b
I= 2af yidy = 4ab (B + 1b?).
h-b

When the blade is bent by couples, the resultant of the stress 7'
over the area ABCD is zero. Using the first two of the above
integrals, we find by (15) that

h+b
(1- 0'2)f T.2ady = {?Eﬂ—k 20‘Ebu} 2a.
h-b P
But the integral on the left side is zero, since the resultant force

is zero, and hence
u=—hlop. ... a7

When the blade is bent by couples, the total force across a section
of the blade made by a plane perpendicular to the axis of bending
is zero, and thus, since the area of the curved strip of this section
corresponding to dy is proportional to p + y, we have

h+b
f EOES TR — (18)

Multiplying (16) by p + y and integrating, we find
e’ 2bc K

a- o-)J - S(p+y)dy=T(hp+h“+§b’)+ 2b0Eu(p+h)=0,
so that
__oa(hp+ 1+ 10%

plp+h) ~
Substituting the value of u given by (17), we obtain a quadratic
equation for A. Thus

o*bh?

hﬂ+hp—m=0.

h=? [—li{1+§(14'f;f:)p2}%].

Since k is very small in comparison with p, we select the positive
sign for the square root. Now the second term under the square
root is small compared with unity, and thus, by expanding, we
obtain the approximate value

h=

Hence

o2b?

T e e PP 20
S (20)
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When the bending is slight, & is very small. Thus, if ¢ =},
we have

h/b=b/45p.
By (17), the lateral expansion, %, is given by
3% it (21)

When the bending is so slight that b/p is a small quantity of
the first order, u is a small quantity of the second order and may
be neglected. Hence, to this order of accuracy, we may say that
the width of the blade parallel to the axis of bending remains
unchanged.

37. Bending moment. If the bending moment about the
axis OX be G dyne-cm., we have, since, by (17), ou = — 1/p,

h+b, 20 (Mt By ]
G =2 I’ydy—l_azjh b(p + o Bu) ydy

Za,E' 2b h
She J 2 (1 + %bz)—,—)%b}
» éab"E
- 3(1-dYp’

This is the accurate value of @ in terms of 2a¢ and 2b, the sides
of the section of the bent blade. When p is great compared
with b, we may replace ¢ and b by a, and b,, the values for the
unbent blade, and may neglect 4* in comparison with 0% Then
1 takes the value I, = $a,b°. Hence, when b,/p is small,

EI,
(1 ___‘0_2) o o atscsssesesnccssencen

Thus G is greater than the value EI,/p given by the theory of
§ 31 in the proportion of 1 to 1 — ¢ The difference is, however,
never great, since o is about } for metals and cannot exceed § in
isotropic solids.

When the bending is so slight that b/p is small, we may
neglect the effects of the “body force,” since this is equal to
T/(p+y) or approximately to Ey (1 —o2)p~ and can be made
as small as we please compared with 7 and S by sufficiently
increasing p.

G=
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But when we bend a blade by couples applied to its ends, the
tensions § indicated by the arrows (Fig. 14) are not applied to
the edges AB and CD. We can however correct our solution by
applying to AB and CD a set of tensions equal to S but with
their directions reversed, as shown by the dotted arrows. These
reversed tensions will tend to change the section of the blade,
but as soon as the section is changed the changed tension in the
longitudinal filaments near the edge of the blade will give rise
to radial forces tending to counteract the effects of the reversed
tensions. Experiment shows that any distortion which the section
may suffer near the edges AB and CD is exceedingly small and
that it cannot be made appreciable by increasing the curvature
of the longitudinal filaments. We therefore conclude, that, when
the width of the blade is great compared with its thickness, a
pair of couples applied to the ends of the blade will bend it so
that its surfaces do not differ appreciably from the cylindrical
form, provided that the radius of curvature be small enough to
make the product of the radius and the thickness of the blade
small compared with the square of the width of the blade. In
this case we may regard (22) as giving a nearly accurate value for
the bending moment.

38. Change of type of bending. When the bending is
very slight, so that a?/p is very small compared with b, the section
of the blade will be changed in the manner described in §29. The
bending moment will then be connected with the curvature by

the equation
EI,

G=—"7".
P
But, when the bending is increased so that a?/p becomes large
compared with b, there will be no appreciable change of section,
and the bending moment will now be
El,
G= s o2
The blade is consequently a little less stiff for small curvatures
than for large ones. As the curvature is increased from zero to a
large value, the product Gp will gradually change from EI, to
EL)1 - o?).
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It would be interesting to endeavour to detect experimentally
the change in the product Gp as the bending proceeds. If the
method of EXPERIMENT 12, Chapter III, be employed, success will
largely depend upon a proper choice of the section of the blade
and upon the use of a sensitive and accurate instrument for
measuring the displacement of the centre of the blade. The
bending of the blade under its own weight should be made as
small as possible by the use of a short blade and by a proper
choice of the distance between the knife edges.

The blade used in the Practical Example of EXPERIMENT 12
is not suitable for the suggested experiment. For this blade,

a=2521 cm., b = 002406 cm.
and hence a/b=105 and «?/b =264 cm.;

thus p must exceed 2000 cm. if it is to be considered great
compared with @?/b. The unavoidable curvature due to the
weight of the blade is of the same order of magnitude as
1/2000 em.7, and thus it will be understood that an attempt to
detect the change of type of bending led to no result. A blade
with a larger value of a/b should be used.

U~irorM TorsioN or A Rouxp Rob.

39. Relation between torsional couple and twist.
Consider a round rod or wire of length ! cm. and radius ¢ cm.,
having plane ends A4, B, at right angles to the axis, and let us
enquire if it be possible to apply such a distribution of forces to
the rod that it shall suffer a uniform torsion, in which the distances
of every particle from the axis and from the plane 4 remain
unchanged and all the particles in any one normal section describe
equal angles about the axis. If the particles at 4 be fixed and
those at B describe angles of ¢ radians about the axis, the twist
per unit length is ¢/l radians per cm.

Consider a portion AC (Fig. 15) of the rod in the form of a thin
tube of length A cm. and radii » and r+ dr cm., the end 4 being
fixed. A point @ on the end C describes the angle QOQ’ or k¢l
radians about the axis and therefore moves through hre¢/l cm.
relative to the fixed end. Thus the thin prism PQ, which is cut
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out by a pair of radial planes, is strained into the figure PQ’.
Since for strains within the elastic limit the angle QPQ’ is very
small, we may treat its tangent and its circular measure as identical.
Thus QPQ’ = QQ’/QP =r¢/l radians. In other words, the prism
has suffered a shear r¢/l in the plane QPQ’. There is no change

c o]
Q
0”‘
P
Fig. 15.

of volume, for the radial width, the width measured round the
circumference of the cylinder and the height all remain unchanged.
There is no shear in a plane containing the axis and no shear in a
plane normal to the axis. Hence the shear r¢/! in the plane QPQ’
is the whole strain.

By Chapter I, § 14, this strain can be produced in the prism PQ
by tangential stresses nr¢/l dynes em.™* acting on the ends P, @
parallel to the plane QPQ’, together with tangential stresses of
equal amounts parallel to the axis acting on the radial faces.
The latter stresses are provided by the action of the neighbouring
prisms in the tube. Thus, the only stress on the ends of the
prism is the tangential stress nr¢/l dynes cm.™. If the cross
section of the prism be a square cm., the tangential force is
anrg/l dynes, and the moment of this about the axis is ar?.n¢/l
dyne-cm. If the total moment of all the forces which act across
the whole section of the rod be G, we have

G = (n¢/l) Zar? dyne-cm.

It is important to notice that the given strain does not imply the
action of any forces on the cylindrical surface of the rod.
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The quantity Zar? is the “moment of inertia” of the area of
cross-section of the rod about the axis. Its value can be found at
once by the integral calculus. For, if we take 2wrdr as the
element of area, we have, for a circle of radius a cm.,

a
2ar2=f 2. 2mrdr = }mwa* cm.t
0

A method of calculating the value of Zar? without the use of the
calculus is given in Note IV, § 12. Hence

4
G = W—q;c;-qé dyne-em. ...l (23)

Thus, if we can find by experiment the couple corresponding to
the twist ¢, the value of n can be deduced from (23).

The quantity Zar? is sometimes called the “second moment”
of the area about the axis.

Since there is no stress on the cylindrical surfaces of an
elementary tube, such as that shown in Fig. 15, it follows that
the 1investigation applies to any tube bounded by two circular
and coaxal cylinders. If a, b be the radii of the cylinders, we
have s

7n (a* — b
d o= 2l ?

In this calculation it has been assumed that the material is
homogeneous and isotropic, a condition improbable in the case of
a wire, where the material has been made to “flow” in the wire-
drawing process. When the material is not isotropic and homo-
geneous, there is no such thing as the rigidity of the material
and, hence, the application of (23) to the experimental value of
the ratio of the couple to the twist only leads to a sort of average
value of the rigidity, such that an isotropic and homogeneous rod
of length ! and radius @, formed of material with this rigidity,
would offer the same resistance to torsion as the rod used in the
experiment.

dyne-cm.

40. Rods of non-circular section. We have seen that,
for a rod of circular section, the couple G' and the twist ¢ are
connected by the equation

Gl

— =Jar’,

ne
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Here Sar® is the “moment of inertia” of the section of the rod
about the axis of the rod. But it does not follow and it is not
true that, for a rod of any other section, Gl/n¢ is equal to the
“moment of inertia” of the section. It can be shown that, in the
general case, the surfaces, which are initially perpendicular to
the axis of the rod, cease to be plane when the rod is twisted,
and thus the investigation of § 39 does not apply to the general
case. Complete solutions have been obtained for several forms of
section, and the following values of Gl/n¢ have been found. For
comparison we give in each case the value of 7, the “moment of
inertia” of the area of the section about an axis through its centre
of gravity and perpendicular to its plane (see Note IV, § 12).

It will be seen that in every case, except that of a circular
section, (i/n¢ is less than I, the “moment of inertia” of the
section.

Circular area, radius c.
Gl
— = }mrat, 1 =1ima'

Elliptical area, axes 2a, 2b.
Gl
ne a+ b*’
Rectangular area, sides 2a, 2b.
Gl 16ab? 4)\3 (m== il 2m +1) mwa
=5t (r) {M oy tan pret igb)__} .(25)
where m has the values 0,1, 2, 3 ...,
I =4ab(a®+ b?).
For a square, this gives
Gl/ng = 22492¢8,  I="5as= 2:6666...a" ......(26)
When a is greater than 3b, the sum of the infinite series of

hyperbolic tangents, which is contained within the brackets in
(25), differs by less than two parts in 10,000 from

I=1mab(a*+b?). ......... (24)

i5+1 +;5+ .=100452%. .,
its value when a/b is infinite. Thus, when a > 3b, we may put
@lind = ab® (3¢ —3:361b/a). ............... (27)

* See Dale, Five-Figure Tables, p. 92.
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41. Practical approximation. In practical cases it is
impossible to apply to the plane ends of the rod the ideal dis-
tribution of tangential force, in which the force per unit area at
each point is proportional to the distance of the point from the
axis. But it is easily understood that any distribution of force
over the cylindrical surface of the rod near one end will produce

at some distance from that end the same
E

strain as the ideal distribution provided

that the couples due to the two are equal. Ii_

Thus, suppose that the ends of the rod i

AB (Fig. 16) are soldered into two stout
blocks, C, D. Then, if the rod be twisted
by means of these blocks, forces are ap-
plied over the curved surface of the rod
between the planes A and K, and the
strain at any point P between A and B = ———--
will not be quite the same as if the ideal B
distribution had been applied to the section Fig. 16
A, even though the two distributions have

the same moment G. But, when AP exceeds two or three
diameters, the difference between the strains at P will be
inappreciable. For suppose that a couple G is applied to the
cylindrical surface of AE by means of the block C' and that
simultaneously a couple — G is applied to the section A, the
force being distributed in the ideal manner. Since these couples
are in equilibrium, no couple is required to hold the block D at
rest, and, without calculation, we may infer that the strain due to
the two opposing couples will be insensible when the distance 4 P
exceeds a few diameters. In other words, the strain at P, due to a
couple @ applied by the block C, is practically identical with that
produced by an equal couple applied in the ideal manner over the
section 4, provided that PA exceed a few diameters. This result
furnishes an illustration of Saint-Venant’s principle (§ 24). In
practical cases the length of the rod is very many times its
diameter and hence, in these cases, it is sufficiently accurate to
assume that the uniform torsion extends up to the sections 4, B.
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U~N1rorM TORSION OF A BLADE.

42. Introduction. In treatises on the mathematical theory
of elasticity, the couple required to produce a given twist in a rod
of rectangular section is deduced from the general equations of
elasticity by the aid of Fourier analysis, the result being expressed
in the form of an infinite series, as in equation (25) of § 40. The
use of the Fourier mathematics is unavoidable unless one side of
the section is very small compared with an adjacent side. In this
case the couple can be calculated by simple methods.

We shall consider a blade of length /, of width 2a and of very
small thickness 2b cm. and shall find the couple (G dyne-cm.)
required to twist one end of the blade through an angle of ¢ radians
relative to the other end. The twist per centimetre will be denoted
by 7; thus

7= ¢/l radians per cm. .............o.ll (28)

43. Geometry of a helicoid. We shall first consider the
uniform torsion of a strip of a mathematical
plane. Let ABCDA'D'B’ (Fig. 17) be a z
rectangular portion of a plane, and let rect- e
angular axes 0X, 0Y, OZ be drawn through
the centre O, the axes 0X, OZ being per-
pendicular to the edges of the strip, while
the axis OY is perpendicular to the paper
and is directed away from the reader. Let
the strip be now deformed in such a way z
that a line on the strip initially parallel to
04 and at a distance z from 04 is turned K
about the axis of z through an angle 7z, L >H

M

A o

the positive direction of rotation being con-
nected with the direction OZ in the same
way as the rotation and translation of a L__ €| g
right-handed screw working in a fixed nut. g Fig. 17.

The edges of the strip which were initially

parallel to OZ thus become uniform right-handed helices making
one turn about the axis in a length of 27/ cm. The new surface
is called a helicoid.
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If the initial coordinates of a point on the strip are £, 0, ¢,
they will be changed by the twisting to z, y, z, where

z=Ecos (18), y=~E&sin (1), z=¢& ......... (29)
On eliminating £ and ¢ from these equations, we obtain for
the equation to the helicoid
y=xtan (72). ..ccouuenn.. Sos 00 (30)

When 7z is very small compared with a radian, we may write
7z instead of tan (7z), and thus, in the neighbourhood of 04, the
surface may be represented by the equation

DI F7 o borto B BE B BIAOEnE BRSO (31)

We shall now find the curvature of the helicoid at any point P
on OX, where OP=p. If we move the origin to P by writing
z' + p for # in (31), the equation to the surface becomes

YIATHZ L D)IZ el cieroto doie e aisa ool o e (32)
Now take a plane containing the new axis of y and cutting the
plane OXZ in a straight line P inclined at an angle 6 to 0OX.
Then, if ', y, 2, be the coordinates of a point on the curve of inter-
section of the plane and the helicoid at a distance r from the new
axis of i, we have
z'=7rcos, z=7rsin6,
and thus, by (32),
y=1(rcos @+ p)rsind.

For a given value of 6, this equation shows the form of the
curve of intersection. By §79, Chapter III, the curvature. 1/p, of
this curve at the point P is given by

2 n2) =8
smar U (@)}

Since we desire the curvature at P, we must put =0 in this
result after the differentiations have been performed. We thus
obtain

1/p=27sin 0 cos € {1 + 72p?® sin? 6} sl (33)
If rp be so small that 7°p? is negligible in comparison with unity,
the curvature is independent of the position of P and has the
value

% TSI L2005 s s relobs % o e (34)
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It will be seen* that the convexity of the curve of intersection
is turned towards the reader when 6 lies between 0 and }=7 or
between 7 and §7. On the other hand the convexity is turned
away from the reader when € lies between {7 and = or between
37 and 27.

For the physical applications we require the curvature of the
section of the helicoid made by a plane which contains the normal
to the helicoid at P and is inclined at an angle 6 to OX. But,
when 7p is very small compared with unity, the angle between this
normal and the new axis of y is very small, and then (34) will give
an approximate value for the curvature of the section of the
helicoid made by a plane containing the normal.

By the methods of Solid Geometry we can show, from the exact
equation (30), that the accurate expression for the curvature is

1 _7sin26
p = Trrip
which agrees with (34) when 7p is infinitesimal.

From (34) we see that the curvature vanishes when =0 and
when 0=47 and that it has the extreme values + 7 when
0=+ }m Thus, straight lines initially parallel to 04 or OC
remain straight, while straight lines initially inclined at 7 to 04
are bent to the radius 1/7, the convexity being towards the reader,
and those initially inclined at — = are bent to the same radius
but with their convexity turned away from the reader. Thus the
helicoid has anticlastic curvature, and at every point the principal
radii of curvature have the constant values + 1/7.

If we take any two neighbouring points on the rectangular
strip, the distance between them remains unchanged when the
strip is deformed into a helicoid, provided that the distance of
either point from the axis be small compared with 1/7. For, if
the two points (0, ), (E+ dE, 0, £ +df) move to the positions
(2,9, 2), (x + dx, y + dy, z + dz), we have, by (29),

dz =cos (78) dE — v€sin (&) d¢
dy=sin (1¢) € + 7€ cos (v£) d¢

dz=d¢
* See p. 70.
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Hence, if do and ds be the initial and final distances between the
points,

(do)?=(d§)*+ (d0)*

(ds)* = (d)* + (dE) + 7°£*(d§)* = (do)* + T°£* (d)"
Thus  ds=do {1+ m*£*(d¢/do)*}E = do {1 + 3£ (dE/doy — ...}
and ;Gdo- = {722 (;%:)2— 7
Since (d¢/de)? is not greater than unity, we see that, if 7€ be a
small quantity of the first order, (ds —do)/do is a small quantity
of the second order, for it is proportional to 72£% Thus, when 1/7
is treated as infinite in comparison with the width of the strip, we
may consider that the distance between any two neighbouring

points remains unchanged when the plane strip is twisted into a
helicoid.

44. Stresses in a twisted blade. Let AC4’C’ (Fig. 17)
represent the central plane of the blade before it is twisted, the
faces of the blade being at a distance b on either side of this plane.
When the blade is twisted, the line 404’ will, by symmetry,
remain straight, and, since the twisting is uniform, every straight
line initially in the plane AOC and parallel to OA will also remain
straight. Thus the central plane of the blade will become a helicoid.

We have seen in § 43 that, when a strip of a mathematical
plane is infinitesimally twisted into a helicoid, the distance between
any two neighbouring points remains unchanged. Hence all the
filaments in the central plane of the untwisted blade remain
unchanged in length when the blade is twisted.

Let HKLM (Fig. 18) be a small portion of the blade such that
either face was a square before the blade was twisted, and suppose
that MH and HK were initially inclined at + 17 to 04, as is
indicated by the small square in Fig. 17.

Let I be the particle at the centre of HKLM before it was
twisted, so that 7 was midway between the faces, and let straight
lines IU, I'V be drawn through I parallel to the sides of the initial
squares. Then the filaments which initially coincided with U and
IV are bent by the torsion of the blade into arcs of circles of
radius 1/7, the centres of curvature lying on opposite sides of the

blade.
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By the method employed for obtaining equation (1) of § 29,
we can show that, when the blade is twisted, the filaments
initially parallel to JU and at a distance h cm. from the plane
IUYV, measured in the positive direction of y, receive an elongation

7h, while those parallel to IV receive an elongation — 7h cm. per
cm. Hence, if we take an infinitesimal cube of edge ¢ em. with
its centre at a distance & from the plane TUV and with two edges
parallel to IU and IV, these edges will become ¢ (1 + 7h) and
q (1 — 7h) respectively.

Since the faces of the blade are free from stress, there will be
no pressure on those faces of the cube
which are parallel to the plane IUV.
If the stresses on the other faces be a
tension of R dynes per square cm.
and a pressure S, as is indicated in R R
Fig. 19, we see, by §§17, 18, Chapter I, :
that the elongations are connected

N

S
with the stresses by the equations Fig. 19.
R oS R S
h=%+F *"FtE
Hence R=8= i) :
l+o

But, by equation (11) of § 19, Chapter I,
E/(1 4+ ¢)=2n,
and thus T=IS="2nThdyne crant s rd o . o (35)

Since R=S8, there will be no change in those edges of the cube
which are perpendicular to the plane 7UV.
We shall now determine the stresses which must be applied
to the edges of the blade to maintain the equilibrium of the
5—2
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elements in the immediate neighbourhood of the edges. Let
PQT (Fig. 20) be a triangular lamina of thickness
dh at a distance +7% from the central plane of the R Q
blade and let the side QT lie along the edge BB’
(Fig. 17) of the blade. Let PQ=PT=r and let

QPT be a right angle. Then PQ is acted on by a P F
force R.rdh at right angles to PQ and PT is acted 5

on by a force S.rdh at right angles to PT, as T
shown in Fig. 20. These forces have a resultant Fig. 20.

(R +8)rdh/y/2 parallel to QT'; by (35) this is equal

to 24/2.n7hrdh. Since the faces of the lamina are free from
stress, a force 2 4/2.n7hrdh must be applied to the vertical edge
of the lamina in the direction Q7' to maintain equilibrium. This
force is distributed over an area r 4/2.dk and hence, if ¥ be the
required tangential stress,

=2 nahdynelom T2 5.0 S e e (36)

Corresponding results hold good for the remaining edges of
the blade.

45. Determination of the torsional couple. Let Fig. 21
represent the blade seen in perspec-

tive, the thickness (2b) being greatly >
magnified. Let KL and MN be two

straight lines drawn on the edge D B o
BB’ perpendicular to the plane of /
the blade, the distance between the ot W

lines being dz. Then the couple
exerted on the rectangle KLMN Bl
by the tangential stress is

-(\,:

+b&
& f Fhdh.
-5

But, by (36),

+b +b
il f Fhdh = de f Onrhidh
-b -5

= 4 nrb*dz. 3 1% B}/20

A couple equal to this could be 2T
produced by two horizontal forces, Fig. 2L
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each equal to 7, acting along LK and NM in opposite directions
as shown in Fig. 21, if 7 be given by

T=4ntb®dynes. .....oovvnenvnnenen. 37)
By Saint-Venant’s principle (§ 24), this couple would produce
the same effects as the couple arising from the vertical tangential
stress I, except, of course, in the immediate neighbourhood of the
edge. Since the blade is of infinitesimal thickness, the region
where the effects of the two couples are appreciably different is
also infinitesimal.

If we take the next element (of length dz) above MN and
apply the same process to it, we shall have another pair of forces
each equal to 7. The lower force of this pair will act along MN
in the opposite direction to the upper force of the pair corre-
sponding to KLMN, and will therefore neutralise it. Proceeding
in this way, we see that the forces acting on the edge BB’ are
equivalent to one force T applied at B in the direction away
from the reader and a second force T applied at B’ in the opposite
direction, as is indicated in Fig. 21.

Similarly, we may replace the forces on the edge BD by one
force T applied at B in the same direction as that arising from
the edge BB’ and another force 7' applied at D in the opposite
direction. The total force at B is therefore 27.

Thus we see that the forces distributed over the four edges of
the blade may be replaced by two forces each equal to 27" applied
at B and D’ away from the reader, together with two other forces of
equal magnitude applied at B’ and D in the opposite direction, as
shewn in Fig. 21.

If the couple formed by the forces applied at B and D be
G dyne-cm., we have G =2T'. BD=2T. 2, and thus by (87),

G =18 ntab’.

If one end of the blade be twisted through ¢ radians relative to

the other and if the length of the blade be { cm., we have, by (28),

T=¢/l,
and thus we find
Ql
= = A bRlr e R b (38)

This result agrees with that given by equation (27) in § 40, when
b/a is so small that 3:361b/u is negligible compared with 16/3






CHAPTER III
EXPERIMENTAL WORK IN ELASTICITY.

46. Introduction. In this chapter descriptions are given
of a number of experimental methods of studying the elastic
properties of solid bodies. Most of the experiments are directed
towards obtaining values of Young’s modulus or of the rigidity, or
the ratio of one of these moduli to the other, and here the strains
are assumed to be so small that Hooke’s law is obeyed accurately.
In other experiments, the deviations from Hooke’s law and their
effects are studied.

Though, in nearly every case, the apparatus is so simple that
it may be constructed by any person who is moderately skilled in
the use of tools, yet the experimental methods, when carried
out with care, are capable of yielding definite results. The
word definite is used here to imply that, when a determi-
nation of an elastic quantity has been made, a repetition of
the experiment upon the same specimen and under the same
conditions will lead to a result which does not differ by more
than one or two per cent. from that of the first determination.
The impossibility, in most cases, of securing truly homogeneous
and isotropic material makes it useless to expect that the value
of the elastic quantity deduced from the experiment will be
anything more than a rough sort of average value*. In some
cases the observations are taken on scales divided to millimetres,
and the necessity of keeping within Hooke’s law often limits the
measured displacement to one or two centimetres. It is clear
that, in these cases, very careful readings are required if the result
is to be accurate to within two or three per cent.

* See the last paragraph of § 39.
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When the result depends upon the fourth power of the radius
of a wire, particular attention should be given to measuring the
diameter of the wire with a screw-gauge, since an error of one per
cent. in the radius involves an error of four per cent. in the result*.

The work will gain considerably in interest if the student is
able to test the same specimen by different methods. Thus, for
a given piece of wire, Young’s modulus may be found as in
EXPERIMENT 2 or 3, the rigidity may be found as in EXPERI-
MENT 4 or 5, while Young’s modulus may be found for a portion
of the wire as in EXPERIMENT 7 or even as in EXPERIMENT 6
or 10, if the distance between the knife edges be small and the
loads light. Similarly, the same rod may be used for EXPERIMENTS
6 and 10.

ExXPERIMENT 1. Experimental Investigation of Hooke’s
Law for Copper.

47. Introduction. The mathematical theory of elasticity is
based upon the assumption that, for a given stress the strain is
independent of the time and that, for small strains, stress and
strain are proportional so that, in Hooke’s words, Ut tensio sic vis.
We shall therefore begin the experimental part of the subject by
describing a sensitive method of investigating the relation between
stress and strain in a wire subject to small elongations. Young’s
modulus, if it exist, i.e. if Hooke’s law hold, can be found with
sufficient accuracy by the apparatus described in § 52. The object
of the present experiments is not so much to obtain a very accurate
value for Young’s modulus as to gain a working knowledge of the
natural habits of the material under test.

The simplest method of magnifying the effects to be observed
consists in using a wire of considerable length, hung from a beam
or other support, the extension being produced by hanging weights
to the lower end of the wire; but this method is liable to two
serious errors. These arise from the yielding of the support and
from the change of length of the wire due to rise of temperature.

* Many screw-gauges have the defect that the pitch of the screw, ie. the
distance it advances for one revolution, is not clearly marked on the instrument.

Tn such cases the student should ascertain the pitch from the teacher, or, in a
practical examination, from the examiner.
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The latter cause may introduce a comparatively large error, for
a rise of 2°C. will produce an increase of length of {; mm. in a
copper wire 3 metres long.

The first error is eliminated if, instead of finding the displace-
ment of the lower end of the wire relative to a fixed mark, we
observe the displacement of the end of the wire relative to the
lower end of a second wire of the same material, hanging from the
same support, stretched by a constant weight and serving as a
standard for comparison.

The use of a comparison wire practically eliminates the second
error also, for it is found that the coefficient of linear expansion of
a wire is but little affected by variations in the load carried by
the wire. Thus, Dr J. T. Bottomley (Phil. Mag. 1889, Vol. 28,
p- 94) made experiments on a pair of copper wires 38 x 10~ cm.?
in section, one being stretched by a load of 375 grammes and the
other by a load of 75 grammes. Dr Bottomley measured directly,
by means of a sensitive mirror method, the excess of the extension
of the first over that of the second wire, when they were heated
simultaneously, and found the coefficient of relative expansion to be
3'14 x 107" degree™. Since the difference of tension was

300 x 981/(3'8 x 1074) or 7-74 x 10® dyne cm.™?,

we find that, if the coefficient of linear expansion of a copper wire
be a degree™ and if the tension of the wire be 7' dyne cm.™, then

da 314 %1077

dT  T74x10°
The value of a for copper is about 172 x 10~ degree™, so that the
extra load of 300 grammes increased the coefficient of expansion
by one part in 55.

If two copper wires, each one square mm. in section, carry loads
differing by one kilogramme, the difference of tension will be about
108 dynes cm.™?, and hence if the wires be 3 metres long, a rise
of 1°C. will cause the wire with the greater load to extend by
4:05 x 1078 x 300 or by 1:22 x 10~° cm. more than the other wire.
This difference of extension is too small to be measurable with the
apparatus described in § 48.

The value of da/d7’ may also be deduced from the temperature

=405 x 107 degree™ dyne™ cm.2
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coefficient of Young’s modulus (&) for a wire with a constant
tension.

If [, be the length of a wire at 0°C. and under zero tension,
and if  be its length when the temperature is §° and the tension
is T, I/l, is a function of T and 6, and thus we have

d (1dl\ _d /1dl
az(r.2) = raz)
doe d(1\_1dE
’ﬂ"@(E‘)““FZW'

Mr G. A. Shakespear has found (Phil. Mag. 1889, Vol. 47,
p. 551) the values of E*dE/df given in the first column of the
table. Assuming that E had the values given in the second
column, we obtain, by the last equation, the values of da/dT given
in the third column.

or, by Chapter I, §17

1 dE da

Metal %0 E T
Copper vee | —41x10°4 1-2x 102 3:4x10-16
Hard Brass ... —34%x10¢ 1-0x 1012 3°4x10-16
Soft Iron —-18x10~% 2-0 x 1012 0:9x 1016
“Silver” Steel | —37x10~¢ 2:0%x 1012 1'8x10-16

On account of the difficulty of the experiments, the agreement
between the values of dz/dT for copper obtained by the two
methods is perhaps as close as could be expected.

48. Apparatus. By the instrument shown in Fig. 22 very
small extensions of the wire under test can be measured relatively
to the comparison wire*.

The two wires A, A’, have their upper ends secured to a stout
piece of metal bolted to a beam. From the lower ends hang two
brass frames CD, C'D’, supporting the two ends of a sensitive
level L. One end of the level is pivoted to the frame CD by the
pivots H'; the other end of the level rests upon the end of a
vertical screw S working in a nut attached to the frame C'D’.
The two links K, K’ prevent the frames from twisting relatively to

* @. F. C. Searle, Proc. Cambridge Phil. Soc. Vol. x, p. 318 (1900).
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The head of the screw is divided, and a scale B engraved on
the side of the frame serves to determine the number of complete
revolutions made by the screw. In the instrument in use at the
Cavendish Laboratory the pitch of the screw is 4 mm., while the
head is divided into 100 parts. Each division on the head thus
corresponds to 4}y mm. A pitch of 1 mm. would be more con-
venient *.

The instrument is used in the following manner. Suppose that
the screw has been adjusted so that one end of the bubble of the
level is at its fiducial markt. A fine wire passing round the level
and held tight by an indiarubber band may be used as a fiducial
mark. If the wire be arranged to be in the plane of two of the
vertical sides of one of the frames, errors of parallax can be avoided
by taking observations with the eye in this plane. If a mass be
placed in the pan P, the wire A’ is stretched and the bubble moves
towards /1. The bubble is then brought back to its fiducial mark
by turning the screw so as to raise the end of the level resting
upon it. The distance through which the screw is moved is clearly
equal to the increase of length of the wire A’ and is determined at
once by the difference of the readings of the screw in the two
positions. In the Cavendish Laboratory instrument, the level is
sensitive enough to enable the screw to be adjusted to 1 of a
division on its head, ie. to iy mm.

To steady the instrument, it is convenient to allow the two
wires to press lightly against a rod fixed horizontally at a small
distance above the frames CD, C'D’.

A brief discussion of the kinematics of the instrument may be
added. In order to secure that there shall be only one possible
displacement of one frame relative to the other, five out of the six
degrees of relative freedom must be destroyed. Since only relative
motion is in question, we may imagine one frame, say CD, to be
fixed. The other frame C’D’ is kept vertical by the tensions of the

* The chief dimensions of the apparatus are as follows:—CD =11 cm. Length
of links 5 cm. Diameter of serew head =4 cm.

1 If the glass tube of a level be not well secured in the metal tube which
protects it, an attendant, in cleaning the apparatus, may cause a rotation of the
glass tube about its axis. If this cause the ends of the tube to be higher than the
- centre, it will be impossible to adjust the supports of the level so as to bring the
bubble to the centre; the bubble will always go to one end or the other.
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wires above and below it. If the links were absent, it would be
free to move horizontally East and West, or North and South, or
vertically (when the wire is stretched)and to turn about a vertical
axis. It would thus possess four degrees of freedom. The two links
destroy three degrees of freedom by preventing the frame from
(1) rotating about its own wire 4’, (2) moving horizontally at right
angles to the links, (3) moving towards or away from the frame
CD. The frame C’D’ has thus but one degree of freedom
remaining, viz. that which enables it to follow the stretching
of the suspending wire.

49. Experiments on loading and unloading a copper
wire. One of the most interesting uses of the instrument is to
find the changes of length of a copper wire, which occur when the
load in the pan is increased step by step from zero to any value W
and is then diminished to zero again. When the load is changed,
the wire only gradually assumes the length corresponding to the
new load, and thus the readings will gain in regularity if the
changes of load be made at approximately equal intervals—say of
two minutes. The observations may be made in the following
manner. Starting with the pan empty, a reading of the micro-
meter is taken and is recorded. A mass is then placed in the pan
and after two minutes (or whatever interval is chosen) the reading
of the micrometer is again recorded, and the process is continued
with equal steps in the load till the maximum load W is reached;
the load is then reduced step by step to zero. The masses should
be put in and taken out of the pan as gently as possible.

When the initial micrometer reading for zero load is subtracted
from the other readings the differences are the extensions of the
wire. The results are plotted on squared paper, the abscissae
representing loads and the ordinates extensions.

When the wire has been unloaded for a comparatively long
time before the initial reading for zero load is taken, a curve
similar to that in Fig. 23 will be obtained. In this case the wire
has been loaded during the whole cycle of observations and, in
consequence, at the end of the cycle the wire is longer by
a few thousandths of a millimetre than it was at the beginning.

If, on the other hand, a load W, at least as great as W, be
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placed in the pan for a comparatively long time and if the load be
removed only a short time before the initial reading for zero load
is taken, the curve representing the results of loading and unload-
ing will be similar to that in Fig. 24, the wire being slightly shorter
at the end than at the beginning of the cycle. The explanation
lies in the fact that during the later stages of the second half of
the cycle the load is less than W,, and thus the wire has had
opportunity and time to contract a little.

EXTENSION

EXTENSION

Wi

LOAD i [ LOAD

Fig. 24. Fig. 25.

If, by repeatedly loading and unloading it, the wire could be
brought to a thoroughly cyclic state, the curve would be as in Fig. 25,
the final and initial readings being identical. But the establish-
ment of the cyclic state would occupy much time, since each cycle
of loading and unloading would have to be made at the same rate
as the cycle during which the readings are taken. If the pre-
liminary cycles are made comparatively rapidly the curve will be as
in Fig. 24.

50. Graphical representation of deviations from Hooke’s
law. Hooke’s law is so nearly true for stresses, which are small
compared with the breaking stress, that it is impossible to exhibit
in a satisfactory manner both the whole extension and also any
deviation from Hooke’s law on the same diagram. We may,
however, adopt a device which is useful whenever small deviations
disturb the strict proportionality between cause and effect. If the
maximum load W produce an extension Z, and if z be the extension
due to any smaller load w, we subtract wZ/W from z and denote
z—wZ|W by d. We then plot the difference d against the load w.
If Hooke’s law were exactly fulfilled, the difference would vanish
for every value of w, and thus these differences show the depar-
tures from Hooke’s law. This method has been adopted in the
diagram given in § 51.
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51. Practical example. The observations may be entered as in the
following record of an experiment by Mr Field upon a copper wire 2857 cm.
in length and about 00119 cm.? in cross section. To save space, only the
extensions are entered below; but the student should record the reading of

W=6 kilo. W =4 kilo. W =2 kilo.
Z=0-1159 cm. Z=00763 cm. Z=00371 cm. *
Z|W=001932 Z[W=001908 - Z|W=0°01855

w z 10004 w z 10004 w z 1000 d

kilo. cm. cm. kilo. cm. cm, kilo. cm. cm.

0 *0000 00 0 0000 0-0 0 0000 00
1 ‘0184 | —0°9 1 ‘0186 | —0°5 1 ‘0184 | - 02
2 0375 | —1-1 2 ‘0376 | —06 2 0371 00
3 ‘0567 | —1-3 3 ‘0568 | =04 1 ‘0186 00
4 ‘0763 | —1-0 4 ‘0763 00 0 |--0001| -0-1
5 ‘0964 | —0-2 3 ‘0581 | +09

6 1159 00 2 ‘0389 | +08

5 ‘0978 | +1°2 1 ‘0192 | +0°2

4 ‘0792 | +-2°0 0 |—0003| ~03

3 ‘0598 | +1-8

2 ‘0404 | 41-8

1 ‘0207 | +1°4

0 [—-0032| —32

the micrometer for every load and then deduce the extensions from those
readings. In the tables the load w and the extension z are given for cycles of
loading and unloading. The maximum load is W, and the maximum extension
is Z. The quantity d=2z—wZ/ W shows the departure from Hooke’s law.

0-004

cm.
a

0-002

[~
0 L’/‘)/é“‘
e

i
| . 4 | //""’t

0-002

Load K los

0004

Fig. 26.
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The results for W=6 and for W=4 kilogrammes are shown in Fig. 26.
An attempt was made to reduce the wire to a cyclic state, but the curves show
that the attempt failed, the curves resembling that of Fig. 24. Very careful
work is necessary to obtain curves as regular as those obtained by Mr Field.

EXPERIMENT 2. Determination of Young’s modulus by
stretching a vertical wire.

52. Apparatus. The simplest method of determining Young’s
modulus depends upon observations of the increase of length of a
long vertical wire when the load carried by it is increased. Since
Hooke’s law begins to fail when the elongation is much more than
190 em. per cm., the wire should be of considerable length, so that,
without going beyond the elastic limit, the increase of length may
be large enough for satisfactory observation. When the changes of
length are observed by means of a millimetre scale fitted with a
vernier reading to {; mm., errors of one per cent. will probably
occur in the measurements unless the changes exceed one cm.
Hence, if the elongation is not to exceed gy cm. per em., the
wire should be at least 10 metres long. When a more sensitive
appliance, such as that described in § 48, is available for measuring
the change of length, satisfactory results can be obtained with
comparatively short wires.

Since the elongation is small, it is necessary to take special
precautions against two sources of error. These arise from the
yielding of the support and the change of length of the wire due
to a change of temperature during the experiment. Both errors are
practically eliminated if, instead of finding the displacement of the
lower end of the wire relative to a fized mark, we observe its dis-
placement relative to the lower end of a second wire of the same
material, hanging from the same support and carrying a constant
load. This measurement is easily made if a scale be attached to
the end of one wire and a vernier to the end of the other. Any
yielding of the support affects both wires equally, and any change
of temperature causes very nearly the same expansion in both
wires in spite of the difference between the loads, since, as is shown
in § 47, the coefficient of expansion depends only very slightly upon
the load carried by the wire.

The two wires are secured to a block of metal attached to
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a beam or other firm support in the manner shown in Fig. 27. A
millimetre scale is clamped to the comparison wire, which carries
the constant load, and a vernier reading to 5 or 4; mm. is clamped
to the wire which is to be stretched. The vernier is kept in the
proper position against the scale by a V-slide or by simple guides
attached to the vernier. A scale pan, not shown in the figure, is
hung from the wire below the vernier and a constant load is hung
from the comparison wire below the scale. The scale pan and the
constant load must be heavy enough to ensure that the wires are
straight.

Fig. 27.

53. Determination of Young’s modulus. In taking the
observations the vernier is first read with no additional mass in the
scale pan. The load is then increased by steps of 1 kilogramme
up to, say, 6 or 8 kilogrammes and the vernier is read at each
stage. The load is then diminished step by step and the vernier
is again read at each stage. The masses must be put into the
pan carefully, so as to avoid the great increase of stress which

S. E. E. 3 6
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occurs when a mass is allowed to drop into the pan*. If the read-
ing of the vernier at the end of this cycle of operations differ
appreciably from the reading at the beginning, the wire has been
permanently stretched, and the observations cannot be used for
finding Young’s modulus. In this case a new set of observations
must be made with a smaller maximum load, not great enough to
give any appreciable permanent sett.

Trouble due to overloading the wire will be practically avoided
if the maximum load be not allowed to exceed half the break-
ing load. If the cross-section of the wire be 4 cm.? and M,
grammes be the maximum load, then M ,, may be calculated by
the formula

My =14.BJ981,

where B dyne cm.™ is the breaking stress or the tenacity. Rough
values of B are given in the table.

Material B

Brass 3x10° dyne cm. "2
Copper 4x10°

Iron 6 x 10°

Steel 10 x 10°

When a satisfactory set of observations has been obtained, the
mean of the two readings of the vernier for each load is subtracted
from the mean reading for the empty pan, the difference in each
case being the mean extension due to the corresponding load.

* Let the length of the wire change from L, to L,+! when the load is
gradually increased from M, to M,+M. The effect of suddenly applying M may
be illustrated by supposing that M is suspended by a string so as to just touch the
pan and that the string is cut. The mass My+M will then oscillate about a
mean position in which the length of the wire is Ly+1. At the highest point of
the oscillation the length is L, and, therefore, at the lowest point the length is
Ly+2l. Hence the maximum increase of tension is twice that due to a gradual
increase of load from M, to My+M. If M had been allowed to drop into the pan
the effect would have been greater.

+ If the wire has been freshly set up, the first addition of a considerable load
may permanently change the reading of the vernier for the pan alone by
straightening out kinks in the wire.
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The readings may be recorded as in § 54, and should be expressed
in centimetres.

The mass of the pan does not cause any difficulty as long as
Hooke’s law holds. For suppose that the mass of the pan is
M, grammes and that it produces an extension [, cm., and that
an additional load M grammes increases the extension by ! cm.
Then we have, by Hooke’s law,

M,+M M,
Sl S C, say.
Hence J;—[= C.
Thus the ratio of the added load to the increase of extension due
to that load is the same as the ratio of the whole load to the
whole extension, and therefore, in finding Young’s modulus, we
may neglect entirely the mass of the pan and the extension due
to it.

If the values of I/M prove to be nearly constant for different
loads, the mean value of I/M may be used in finding Young’s
modulus. When the irregularities are serious, the results should
be shown graphically on squared paper, the ordinate representing
the mean extension due to each added load, while the abscissa
represents the added load. Since Hooke’s law is assumed to hold,
a straight line should be drawn, by the aid of a stretched thread,
so as to lie as evenly as possible among the points plotted on the
diagram. When the best position of the thread has been found,
it 1s recorded by two marks made on the paper, one near each end
of the thread. These marks are then joined by a line drawn by
the aid of a straight ruler; many wooden scales are far from
straight. The difference between the ordinates of two points on
thus line corresponding to M = 0 and to some definite mass M (say
5 kilogrammes) is taken as the value of ! for that mass. The
corresponding value of M/l is used in calculating Young’s modulus.

The length of the wire from the point of support to the clamp,
which fixes the vernier to the wire, may be determined by a tape
measure or by the aid of a long rod which is afterwards measured
by one or more metre scales. This length should be expressed in
centimetres. During these measurements the wire should be kept

6—2
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straight by the weight of the pan. Strictly speaking, the initial
length should be measured when the wire carries no load, but,
since the increase in the length of the wire due to the pan
alone will perhaps not exceed one part in 10,000, the length of
the wire when carrying the pan alone may be taken as equal to
L centimetres, the initial length of the wire.

It should be noted that L and I are obtained by two distinct
sets of measurements. In finding the length by the tape measure
we are not concerned with the extension, and in finding the ex-
tension by the vernier we are not concerned with the length of the
wire. It would be difficult to measure a length of, say, 5 metres
to within 2 mm. by a tape measure, but, in view of other un-
certainties, an error of 2 mm. in the length of the wire may fairly
be neglected. Yet an error of 2 mm. in the determination of the
extension would render the results worthless.

To complete the measurements, the cross section of the wire
must be obtained. If the wire be permanently fixed to the support,
the diameter is found by a screw-gauge. Readings are taken at
4 or 5 points on the wire between the support and the vernier,
and two diameters at right angles are measured at each point,
care being taken not to compress the wire in taking the readings.
The zero reading of the screw-gauge is observed, and the cor-
responding correction is applied to the readings, which should be
expressed in centimetres. The mean radius*, ¢, is found by halving
the mean diameter and then the cross section 4 is calculated in
square cm. from the expression 4 = ma?+.

If the wire can be removed from the support, the volume of
the part between the support and the vernier can be found
by the hydrostatic balance. If this be ¥V cc, then 4 =V/L
square cm.

When the load is M grammes, the longitudinal stress 7' is
Mg/A dyne cm.~2 If this load correspond to an increase of
length of I cm. in a total length of L cm. the elongation e, i.e. the

* The quantity we are really concerned with is not the mean radius but the
square root of the reciprocal of the mean value of (radius)~2. The appropriate
correction is calculated in Note VI, § 1.

+ The neglect of the distinction between the radius and the diameter of a wire
is a frequent cause of disaster in students’ work.
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increase of length per unit length, is I/L cm. per cm. Hence, by
Chapter I, § 17, Young’s modulus is given by

_ stress T Mg/A MgL
" elongation e I/L ~ IA

dynes per square cm.

54. Practical example. The observations may be entered as in the
following record of an experiment made on a brass wire.

Length of wire from support to clamp of vernier=L=745 cm.

Readings of screw-gauge on wire

00944 00943 00947 00945
00943 00943 0°0945 00945

Correction for zero 00002 cm., to be added.

Hence diameter =2a=0'0946 cm.

Cross section =4 =ma?=m X (00473)2=0-00703 square cm.
Readings of vernier for increasing and diminishing loads:—

} mean reading 0'0944 cm.

. Extension
Load Loading | Unloading Mean Extension | —j,—r—
grammes em. em. cm. cm.
| cm. grm.~}
() ‘ 1510 1515 1613 0 —
1000 { 1625 1-625 1625 ‘112 1'12x 104
2000 1730 1735 1733 *220 110
3000 1-835 1-840 1-838 *325 1-08
4000 1945 1:945 1945 *432 1-08
5000 2:045 2°050 2°048 *535 1-07
6000 2°150 2-1556 | 2°153 ‘640 1-07
7000 2260 2°260 2°260 747 1-07
8000 | 2355 2:360 | 2358 845 | 106
9000 2465 - 2465 952 1-06

Mean 1:079x 104

When the extension was plotted against the load, it was found that the
points lay very nearly on the straight line cutting the line #/=0 at 0-006 cm.
and the line /=5000 at 0-533 cm. Hence, for #=5000 grm., {=0"527 cm.
The corresponding value of ¢/ M, viz. 0-527/5000 or 1-054x 10~¢ differs by
25 per cent. from the mean value of 7/} derived from the table. The zero
reading 1-513 cm. in the table is clearly abnormal; possibly the weight of
the empty pan is insufficient to ensure that the wire is straight. If we treat
the reading 1733 cm., which was found for a load of 2000 grammes, as the
zero reading, we find the following values of I/ M :—

1050, 1060, 1050, 1050, 1054, 1042, 1046x10-4
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The mean, 1:050 x 10~% now agrees closely with the value derived from the
‘diagram. Using the value 1-054x 104 for {/M, we have, by § 53,

MgL 981 x 745
I, = TR . ¥y - _ - o
Young’s modulus—E————M = 1054 X 10-4x 0:00703

=986 x 101 dynes per square cm.

EXPERIMENT 3. Determination of Young’s modulus by
stretching a horizontal wire.

55. Apparatus. One end of a wire, 1 to 2 metres in length,
is soldered or otherwise secured to a block of metal B (Fig. 28)

Ij'BD GW

Fig. 28.

which is firmly clamped to & table. The wire passes over a
pulley 4 and is stretched by weights placed in a pan. This pan
must be made heavy enough, by the use of permanent weights,
to prevent the wire from sagging appreciably when no additional
weights are in the pan (see § 57). Two scratches, ¢ and D, are
made on the wire near the pulley 4 and the block B, and the
movements of these scratches are observed by means of two
travelling microscopes, which are focussed on the wire.

If travelling microscopes are not available, microscopes with
micrometer scales in their eyepieces must be used. The value
of one division of the micrometer scale of each microscope is
deduced from the number of micrometer divisions covered by the
image of one division of a millimetre scale. The dividing lines of
this millimetre scale must be fine; if they are coarse, it will be
impossible to obtain an accurate value for the micrometer divisions.

It is, however, not necessary to use two microscopes if it is
found, on examination by a microscope, that the block B does not
move appreciably when the pan is loaded. In this case we may
regard D as coinciding with the end of the block B.
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56. Determination of Young’s modulus. The load in
the pan is increased by equal steps of 500 or 1000 grammes from
zero up to some maximum value, and is then diminished by equal
steps, and at each stage the readings of the scratches ' and I are
taken by the microscopes. If a load of M grammes placed in the
pan cause € and D to move through z cm. and y cm. from their
positions for zero load in the pan, the increase in the length of
CD due to M is # — y cm.

If the value of (z —y)/M prove to be nearly constant for
different loads, the mean value may be used in finding Young’s
modulus. If there are serious irregularities, the results should be
shown on squared paper, the abscissa representing M, while the
ordinate represents the mean of the corresponding values of z —y
for increasing and diminishing loads. A straight line is drawn
by the aid of a stretched thread, as in § 53, so as to pass as
evenly as possible among the points on the diagram, and from this
straight line the values of # —y for M =0 and for some definite
load M (say 5 kilogrammes) are read off. The value of M/(z — y),
corrected in this way, is used in calculating Young’s modulus.

The length of CD for zero load in the pan is denoted by L cm.
and is obtained by means of metre scales placed end to end, and
the diameter of the wire is found with a serew-gauge, corrected
for zero error, at 4 or 5 points between C' and D, two perpendicular
diameters being measured at each point. If the mean radius,
ie. half the mean diameter, be @ c¢m. and if the cross-section be
A square cm., then 4 = 7a?*,

The stress T' due to a load of M grammes is Mg/A dynes per
square cm., and this produces an increase of #—y cm. in a length
of L cm.; thus the elongation e is (# —y)/L cm. per cm. Hence,
by Chapter I, § 17, Young’s modulus is given by

_ stress T  Mg/d _  MgL
“elongation e (z—y)/L A(xz-y)

dynes per square cm.

The observations may be tabulated as in § 58, the readings of
the microscopes and the two values of # — y being recorded for
each value of M.

* See the first Footnote on page 84.
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57. Notes on the method. In this experiment any error
due to a possible motion of the block B is eliminated by using a
microscope to observe the motion of the scratch D. There is,
however, no temperature compensation, as in EXPERIMENT 2, and
therefore a thermometer should be placed near the wire to give
warning of any serious changes of temperature.

By the microscopes the changes of length can easily be found
to within g5 cm., and thus the wire may be much shorter than
in EXPERIMENT 2, where a vernier, reading to {}; or gi; cm.
is used.

It is essential in this experiment that the stretching force
should be always great enough to ensure that S, the length of the
wire from C to D, measured along the wire, should not differ
appreciably from L, the distance from C to D measured along a
straight line. An approximate estimate of S — L is easily made.
Let the tangents to the wire at C and D (Fig. 29) make angles 6,

Fig. 29.

and @, with the plane of the horizon, and let m be the mass of CD.
If F, be the stretching force when the pan is empty, we may
take F, as constant at all points of CD. Since the weight of CD
is supported by the forces at C and D, we have

F, (sin 0, + sin 6,) =myg.

If ¢ be the mean of 8, and 6,, we have, since 6, and 8, are very
small,
2F,¢ = my.

Now, when S is small compared with the radius of curvature
of the arc at its lowest point, we may treat the curve as an arc of
a circle subtending an angle 2¢ at its centre. Then, if p be the
radius of curvature,



IIT) DETERMINATION OF YOUNG'S MODULUS 89

and thus, approximately,
S—71 _ ¢2 _ ,m2g2

S T 6 24F¢
Hence, if the mass of the pan be 2 kilogrammes, so that F, is
2000g dynes, and if the mass of CD be 10 grammes,

(S — L)/S =1/960,000.

The elongation due to the stretching of the wire in the determina-
tion of Young’s modulus may be as great as g5 cm. per cm,,
and thus, since the apparent elongation due to changes of sagging
when additional masses are placed in the pan does not exceed

; .
about .-l cm. per cm., any error due to sagging may be

neglected.

58. Practical example. The observations may be entered as in the
following record of an experiment made by Mr T. G. Bedford upon a brass
wire.

Length of wire between scratches=ZL=124'4 cm.

Readings of screw-gauge for pairs of diameters at right angles,

0692 | -0698 | ‘0693 ‘ 0695 | ‘0694 | mean reading 0°0695 cm.

‘0698 | -0692 | ‘0696 | 0696 | ‘0697

Correction for zero error 0-0005 cm., to be added.

Diameter of wire =2a=00700cm.

Cross section of wire =4 =wa?=m (0:035)2=3849 x 10~3 cm.2,

By means of permanent weights the mass of the pan was made about
5'5 kilogrammes, which was sufficient to prevent any appreciable sagging of
the wire.

]
! Lerr MICROSCOPE RiecHT MICROSCOPE
Load
M
grammes| Loading | Unloading Mean Loading | Unloading Mean
cm, cm. cm. cm. cm. em,
0 7282 *7278 *7280 9732 ‘9732 9732
1000 7666 ‘7683 7674 ‘9668 9658 ‘9663
2000 8054 8091 8072 9594 ‘9582 *9588
3000 8460 *8488 ‘8474 9525 ‘9515 9520
4000 8858 8896 8877 9456 9448 ‘0452
5000 9265 — ‘9265 9380 — ‘9380
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Two microscopes were used, each reading to ;3; mm.; they formed a
“pair” and the scales were numbered in opposite directions. In the above
table the readings have been reduced to centimetres, but Mr Bedford recorded
the actual readings on the micrometer heads in each case. Thus the two
readings, which appear in the table as -07282 and 0°9732 cm., were recorded
as 7°0 4 564/200 mm. and 95+ 46-3/200 mm.

From this table we obtain the following values of , the displacement of
the scratch observed by the left-hand microscope, and of y, the displacement
of the other scratch.

M x ’ Y ) r-y (z-y)/M ‘
grammes cm. ‘ em. l em. cm. grm.™! ‘
|
1000 ‘0394 0069 0325 | 3'25%10-5
2000 ‘0792 ‘0144 +0648 3:24%x 106
3000 1194 ‘0212 ‘0982 327 x10-5
4000 1597 0280 ‘ ‘1317 3:29x 10-5
5000 1985 ‘0352 ’ 1633 3:27%x10-5

Mean 3:264 x 105

Hence, by § 56, since the mean value of (z —y)/M is
3264 x10~5 cm. grm.”},
MgL 981 % 1244
A(x—y) 3849%10-3x3264x10-5
=9-71x 10" dynes per square cm.

Young’s Modulus= E=

EXPERIMENT 4. Determination of rigidity. Statical
method.

59. Apparatus. In the statical method the couple is
applied to the rod by means of a mass supported by a tape wound
round a wheel 4 (Fig. 80). The wheel is fixed to a steel axle B,
supported by the bearing C. The rod to be tested may be about
04 cm. in diameter and 45 cm. in length and should be as straight
as possible. One end of the rod is attached to the axle and the
other end is fixed to a block D, both the bearing C' and the block
D being firmly secured to a stout base board EZ. One end of a
thin tape is attached to the wheel and the other end to a pan P,
care being taken that the vertical portion of the tape is always
tangential to the wheel.

The rod may be connected with the axle by a block of brass,
into which both the rod and the axle are soldered, or the rod may
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be gripped by a self-centering three-jawed chuck attached to the
axle, the latter plan being convenient when more than one rod is
to be tested.

Fig. 30.

The twist of the rod is measured by means of a pointer F,
which can be clamped to the rod at any point. The pointer
should be adjusted so as to be approximately horizontal when half
the greatest load is in the pan. A vertical millimetre scale S is
used for measuring the displacement of the #ip of the pointer*.

If the rod be not quite straight, it will bend slightly when it is
twisted. Errors due to this cause may be eliminated by using a
clamp fitted with fwo pointers of equal length so arranged that
the line joining their tips passes approximately through the axis
of the rod. The mean of the displacements of the tips of the two
pointers will be free from any error due to bending of the rod.

60. Determination of rigidity. When a mass M grms. is
placed in the pan, the wheel will revolve till the couple due to the

* The twist of the rod may also be observed by means of a mirror attached to
the rod by a small clamp, the angle through which the mirror turns being observed
by means of a vertical scale and a telescope with cross wires. If the distance of
the scale from the mirror be d em. and if the image of the scale move past the cross
wire through z c¢m., when the mirror turns through ¢ radians, then ¢p=2/2d. The
results obtained with the mirror are free from any error due to bending.
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elasticity of the rod balances the couple due to the mass M+ M,,
where M, grms. is the mass of the pan. If the radius of the wheel
be R cm., this couple is (M + M,) Rg dyne-cm., where g cm. sec.™?
is the acceleration due to gravity.

Let the pointer be clamped at a distance of ! cm. from the
fixed end of the rod, and let ¢, and ¢ + ¢, radians be the angles
through which it turns when the masses M, and M + M, are hung
from the wheel. Then, if the rigidity of the material be n dynes
per square cm. and the radius of the rod be a cm., we have, by
Chapter II, § 39, equation (23),

tmnaid,/l = MygR,
$mnat (b + ¢)/l= (M + M) gR,

or, by subtraction,

tmnatp/l = MgR.

Let the length of the pointer, measured from the axis of the
rod, be p cm., and let y cm. be the vertical distance through which
the tip moves, when a load M is placed in the pan. Then, if the
angle between the pointer and a horizontal plane be never greater
than about ¢ radian or 6°, we may write

o =y/p.

_2gpR Ml
W= 7 dynes per square cm. ............ (1)

Hence,
The quantity 2gpR/mwa* is a constant for the given system; its
value can be calculated once for all as soon as p, R and a have
been measured *.

The diameter, 2R cm., of that part of the wheel on which the
tape is wound is measured with calipers, and the mean diameter
of the rod, 2a cm., is obtained from the readings of a screw-gauge,
two perpendicular diameters being measured at several points on
the rod. The proper zero correction must be applied to the mean

* The rod is here supposed to be truly cylindrical. When the radius is not
quite constant, it will generally suffice to treat the rod as a cylinder whose radius is
equal to the mean radius of the rod. The quantity we are really concerned with is
not, however, the mean radius, but the fourth root of the reciprocal of the mean
value of (radius)~*. The appropriate correction is calculated in Note VI, § 2.
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of the readings. The diameter of the rod must be measured
carefully since the jfourth power of the radius appears in the
formula for n. .

The deflexion y depends upon the two variable quantities M/
and l. If both M and ! be varied, the observations may be com-
bined in the following manner:—

Some value of [, say {,, is chosen and the pointer is clamped so
that the distance of the centre of the clamp from the nearer face
of the block Disl cm. The mass in the panis then increased from
zero to some maximum load by equal steps and is then diminished
to zero by equal steps; the reading of the tip of the pointer is taken
at each stage. The greatest mass used should not be sufficient
to give the rod any permanent twist. All these readings are
recorded and the corresponding values of y are deduced from them
by subtracting the mean of the two readings for any load from the
mean of the two readings for zero load. The observations are then
repeated with other lengths 4,, [ .... If four values of [ are used,
they may be approximately }L, $L, 3L and L, where L is the
whole length of the rod. 1f, for a given value of [, y/M prove to
be nearly constant for different loads, the mean may be taken as
the best value of y/M for that value of .. When the irregularities
are serious, the values of M and y for each value of I should be
shown on a diagram as in Fig. 81. Since the representative points

I
Iy
Iy

bl

o M
Fig. 31.

should lie, ideally, on straight lines through the origin O, a
straight line is drawn by the aid of a stretched thread (§ 53) for
each value of I so that the corresponding points (including the
origin) are distributed as fairly as possible about it. The difference

/’LTB%
( N l:’:::"f »
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between the ordinates of two points on this line corresponding to
M =0 and to some definite load M (say 500 grms.) is taken as the
value of y for that load. In this way the best value of y/M for.
each value of 7 is found.

If the best values of y/M make IM/y nearly constant for
different values of /, the mean may be taken as the best value of
IM[y. If the irregularities be serious, a second diagram should be
made, as in Fig. 32, showing how y/M depends upon I. Here

D=

Fig. 32.

again the points should lie on a straight line through the origin,
and the best value of IM/y is found from a straight line drawn
in the same way as those in the first diagram. The best value of
IM]y is used in calculating n by equation (1).

If the apparatus has been skilfully constructed, the torsion
wheel may be assumed to be truly centred on the axis. The
effect of any small error of centering could be eliminated by
twisting the rod in both directions and taking the mean of the
results.

6l. Practical example. The results may be entered as in the
following record of experiments made by Messrs G. F. C. Searle and W. Burton
upon a brass rod.

Diameter of wheel =2R=120cm. Hence R=60cm.

Readings of screw-gauge for pairs of diameters of rod at right angles,
l *4085 | 4079 ‘ +4061 mean reading 0-4060 cm.

*4038 | -4040 | *4060 | *4080 | '4070

*4050 | *4041

Correction for zero error 0-0009 cm. to be added.

Diameter of rod =2¢=0'4069 cm. Hence a=02034 cm.

Length of pointer =p=13-92 cm.

In the following table only the mean values of y for increasing and
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decreasing loads are given, but the student must record all the readings
and deduce the displacements from them.

|
1{=10cm. 1=20 cm. 1=30 cm. 1=40 cm. ’
M T
grms. y | 1000y y 1000y Y 1000y y 1000y

cm. M em. I cm. M ‘ cm,. M ‘
200 0'175| 875 | 0°345 | 1725 | 0-515 }

2:575 | 0715 | 3°575

400 0'350 | ‘875 | 0695 | 1-738 | 1015 | 2538 | 1:380 | 3:450

600 0520 | ‘867 | 1°065 | 1775 | 1'570 | 2°617 | 2095 | 3492
800 0690 [ ‘862 | 1:410 | 1-762 | 2:060 | 2575 | 2-800 | 3-500 I

Means ‘870 1-750 2°576 3504

For each value of /, the table shows that y/4/ is practically constant, and
thus the angle turned through by the pointer is proportional to the torsional
couple.

Using the reciprocals of /M, we construct a second table :

l My \ My

10 cm. 1149 grm. ecm.~'| 1°149 x 10* grm.

20 5714 1143 x 10*
30 388-2 1-165 x 104
40 285-4 1-142x 104

The last column shows that the angle turned through by the pointer
is practically proportional to the distance between the pointer and the fixed
end of the rod. The differences are probably due to want of uniformity in
the rod itself and to the bending which occurs when the rod is not quite
straight. As a single pointer was used, the effects of bending were not
eliminated. The mean value of /3]y is 1'150x 10*grm. Hence, by (1)

oo29PR MI_2x981x1392x60
mat Py m X 0-2034*
=351 x 101! dynes per square cm.

%1150 % 10*

EXPERIMENT 5. Determination of rigidity. Dynamical
method. ;

62. Apparatus. In this method the specimen 1is a wire,
as straight as possible, about 50 cm. in length and about ¢; cm.
in diameter. The two ends of the wire AB (Fig. 33) are soldered
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into two pieces of rod C, D about % em. in diameter. The rod ¢
is held in a suitable firm clamp so that the wire is vertical, and
the rod D passes through an inertia bar E, being secured by a set
screw .

1
R
(]
A
B
D
S(N) &

Fig. 33.

The ends of the wire itself are sometimes secured by means
of set screws. If this inferior plan be
adopted, care should be taken to note the
exact position of each set screw relative
to the corresponding end of the wire, so
that the system can be taken to pieces
and put together again without changing
the effective length of the wire. M‘L

The compound stand shown in Fig. 34 '
forms a convenient support for the brass
rod soldered to the upper end of the
torsion wire. The stand is fitted with a
moveable block which can be clamped to
the upright in three different positions,
and this block can be used to hold a
stout rod in a vertical or a horizontal
position. The small rod soldered to the
torsion wire may be secured by a set screw
in a hole drilled along the axis of a vertical
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rod held in the block as shown at the top of the stand. The
compound stand is very convenient for many purposes.

63. Determination of rigidity. Let the length of the
wire AB, measured between the ends of the rods C, D, be
! cm, let the radius of the wire be ¢ cm. and let the moment
of inertia of the inertia bar about the axis of the wire be
K grm. em® When the bar is displaced from its equilibrium
position through ¢ radians, the twist of the wire per unit length
is ¢/l radians per cm. By Chapter II, § 39, equation (23), if &
be the couple which the wire exerts upon the bar,

Tnatd

G="5

dyne-cm.

When the bar vibrates, the angular acceleration of the bar
towards its equilibrium position at any time is G/K or mna‘¢/2lK
radians per sec. per sec. (Note III, § 2), and thus the angular
acceleration is proportional to the angular displacement. Hence
the motion is harmonic, and by Note V, § 2, the time of a complete
vibration is given by

27
Vangular acceleration for one radian

=27 \/2”{.
™na

Deducing the rigidity, n, from this equation, we have

8wKI
n= T7T_a“ ........................... (1)

T=

The length of the wire, [ cm., is found with a centimetre scale,
and its mean diameter, 2a cm., is obtained from the readings of
a screw-gauge, two perpendicular diameters being measured at
several points on the wire. The proper zero correction must be
applied to the mean of the readings. The diameter of the wire
must be measured carefully since the fourth power of the radius
appears in formula (1)*,

The moment of inertia of the inertia bar is calculated from its

* See Footnote on page 92.
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mass and its dimensions by the methods of Note IV. If the bar
be rectangular, and if its length be 2L cm., its width 24 cm.
and its mass M grms., and if X be its moment of inertia about an
axis through its centre at right angles to 2L and to 24,

K =3IM(L*+ A% grm. cm.

If the bar be a solid circular cylinder, of length 2L and radius R,
with its axis at right angles to the axis of the wire,

K=M(EL+ LR grm. cm2

For rough purposes it is sufficient to take M as the mass of the
system which is detached from the torsion wire when the set
screw 1s slackened. For more accurate work, M should be the
mass of the bar before any holes are bored in it. (See Note VIL.)

If the length of the inertia bar be large compared with its
width or its diameter, the term {ML? is the chief term in the
expression for K, and the terms involving A% or R? are com-
paratively very small Hence it is quite unnecessary to measure A
or R with a screw-gauge ; it is sufficient to use a millimetre scale.
On the other hand, 2L should be measured as accurately as
possible. '

The time occupied by a large number of complete vibrations is
found at least twice, the observation in each case extending over
at least three minutes. The mean time of a complete vibration
(T sec.) is then deduced. Unless the time-piece used be known
to be keeping good time, it should be compared with a good clock
to find the necessary correction.

A stop-watch is generally used in observing the time of
vibration. But very good results can be obtained by the following
method with an ordinary watch or clock fitted with a seconds
hand. At every fifth transit, from left to right, of one end of the
bar past a fixed mark, the time indicated by the watch is observed.
After a sufficient number of these times have been recorded, the
time of the Oth transit is subtracted from that of the 50th and the
time of the 5th transit is subtracted from that of the 55th, and
so on. In this way we obtain a number of intervals, each corre-
sponding to 50 complete vibrations. With careful work these
intervals will agree closely and their mean will furnish a reliable
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value of the time of 50 complete vibrations. The following
experimental results will illustrate the working of the method.

Transit Time Transit Time Interval

min. sec. min. sec. | min. sec.

0 1 42-2 50 4 372 2 550
5 9 00 55 4 547 2 547
10 2 172 60 5 123 2 551
15 2 350 65 5 298 2 548
20 2 530 70 5 480 2 550
25 3 100 75 6 40 2 540
30 3 277 80 6 222 2 545
35 3 450 85 6 395 2 545
40 4 24 90 6 570 2 546
45 4 200 95 7 14-3 2 543

Mean 2 min. 54'65 sec.

The mean time of 50 complete vibrations is 174:65 seconds
and hence the periodic time is 3493 seconds. In this example
10 <ndependent observations of the time of 50 vibrations have been
made in the time occupied by 95 vibrations. This method has
the advantage that it involves no interference with the regular
working of the watch such as occurs when a stop-watch is started
or stopped.

64. Practical example. The observations may be entered as in
the following record of an experiment on a brass wire.
Length of wire under torsion =7{=522 cm.
Readings of screw-gauge on wire, for pairs of diameters at right angles,
01218 ‘ 01219 l 01222 |. Mean reading 01220 cm.
0-1219 01220 0-1222

Correction for zero error, 0:0003 cm., to be added.

Hence diameter =20 =0-1223cm. Radius =a=006115 cm.

Mass of cylindrical bar =#=649-1 grms.

Length =2L=37-82cm. Hence L=1891 cm.

Diameter =2R=160cm. Hence R=080 cm.

Hence K=M (3 L2+} 2)=649"1 (1192+0°2) =775 x 10! grm. cm.2,
Time of 40 complete vibrations 1830, 1824, 182+4. Mean 1826 sec.
Hence 7'=4"565 sec.

Thus, by (1)

8Kl 8mxT75%x10t%x 522
TPt T 45652 % 006115

Rigidity =n= =349 x 10" dynes per square cm.

7—2
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The value of the diameter of the wire is subject to an uncertainty of
about 2 parts in 1000. Due to this cause, there is an uncertainty in the
value of n of about 8 parts in 1000, since » is inversely proportional to the
fourth power of the radius. The number 349 is therefore uncertain to the
amount 0°03.

EXPERIMENT 6. Determination of Young’s modulus by
uniform bending of a rod. Statical method.

65. Apparatus. In order to produce uniform bending in a
rod 1t is necessary that the “bending moment ” (Chapter II, § 31)
should have a constant value at every point of the rod. This
condition is easily secured if the rod be bent in the manner
indicated in Fig. 35. The rod AB rests symmetrically on two
knife edges C, D, which are fixed to a stout bed XY.

e,
x (N £h N T
i P
NG

Fig. 35.

The most suitable bed for this and for other experiments on
the bending of rods is a small lathe bed, but a good substitute
may be constructed of two wooden beams about 120 cm. long,
5 cm. wide, and 15 cm. deep. The beams are bolted together at
each end, a piece of wood about 2 em. thick being placed between
them at each end so that there is a gap of 2 cm. between the
beams to allow of the passage of vertical strings. The knife edges
may be short pieces of angle iron firmly screwed to two boards
which are secured to the bed by bolts passing through the gap in
the bed, as shown in the figure. The bed rests on two blocks of
a convenient height.

The rod is bent by means of two equal masses placed in light
scale-pans suspended from the two points H, K on the rod, the
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distance HC being equal to KD. To determine the vertical dis-
placement of the middle point O, a pin is fixed by wax to the
rod at O, the pin being bent so that the part near the tip is
horizontal, and a vertical scale S is set up near O in such a posi-
tion that the tip of the pin is close to the scale.

Errors of parallax may be avoided and the accuracy of the
readings may be increased by taking the scale readings of the
pin by means of a fixed telescope. The distance of the telescope
from the scale should be as small as the focussing of the telescope
will allow, in order that the magnification may be as great as
possible.

When a circular rod is used, a cross-bar about 4 cm. long and
1 cm. wide should be soldered or otherwise fixed to the rod. If
the cross-bar rest on one of the knife edges, it prevents the rod
from rolling.

A scale holder convenient for many purposes is shown in
Fig. 86. It consists of a rectangular block of brass about 5 cm.

F @lllllllllllllllll

in length, and 2'5 cm. in width and depth. A steel scale, divided in
millimetres *, is secured to the block by a screw passing through a
hole at one end of the scale. The scale can be used in a number
of different positions. The screw may conveniently have a milled
head so that it can be tightened by hand.

* Steel scales divided to half millimetres should be avoided, unless the dividing
lines are very fine.
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66. Determination of Young’s modulus. Let the mass
of each pan be M, grammes and let the mass in each pan be
M grammes. Let each of the distances HC and KD (Fig. 35),
when measured horizontally, be p cm. Since the system is
symmetrical about O, the middle point of the rod, the force on
each knife edge is the same and thus the part of this force which
is due to the pans and the loads is (M, + M) g dynes.

If P be any point of the rod between €' and D, and if G be the
part of the bending moment at P which is due to the pans and
the loads,

G =M+ M)(PK - PD)g=(M,+ M)pg dyne-cm. ...(1)
Hence the bending moment due to the pans and the loads has the
same value at all points of the rod between €' and D.

In addition to @, there is the bending moment due to the weight
of the part of the rod between P and B acting at a point mid-
way between P and B, as well as the bending moment due to a
vertical force at D equal to half the weight of the rod. When
the effects due to these moments are small, it follows from Hooke’s
law, Chapter I, §2, that, at each point of the rod, any small change
of curvature of the axis of the rod due to the pansand the loads is
the same as if the rod were without weight. The curvature is
measured by 1/p, the reciprocal of the radius of curvature of the
axis, and is zero when the axis is straight. Since G is constant at
all points between C and D, this change of curvature is constant.
Hence, when the rod does not bend appreciably under its own
weight, we may treat it as if it were weightless, when we discuss
the effects of small loads applied to it. In what follows, we shall
neglect the weight of the rod.

If the “moment of inertia” of the transverse section of the
rod, about an axis passing through the centre of gravity of that
section and at right angles to the plane of bending, be I cm., we
have, by Chapter II, § 31,

G= %z dyne-ebns ke leeis ... (2)

where p cm. is the radius of curvature of the neutral filament of
the rod. Inserting the value of (& given by (1), we have

Gp _ (M,+ M) gpp

Bt 7

dynes per square cm. ...... 3)
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The curvature 1/p is easily deduced from the vertical displace-
ment of the middle point O due to the two loads. Suppose that
the point of the pin fixed to the rod at O moves through the
vertical distance %, em., when the pans alone are hung from the
rod, and that it rises through a further distance  when a mass of
M grammes is placed in each pan. Then, if the distance CD
between the knife edges be 2/ cm., we have, by the geometry of
the circle,

(ho+h)(2p—hy—h) =1~
In most cases h, + & will be negligible in comparison with 2p and
then we may write
12

pP= m B R PR TR TR R (44)
From (8) and (4) we find
M, + M) pl*
E= (—2"—1?11———” dynes per square cm. ......... (5)

Since, by (5), the elevation is proportional to the load,
M+M M, M

hoth ~ hy B’
and thus E= ]lé}}l;g dynes per square Cm................ (6)

When the rod is of circular section, with diameter 2¢ cm., the
“moment of inertia,” I, of the area of the section about the axis
in the plane of the section which passes the centre, is given by*

) S35 @ 000006000006000008090008 )
Hence, by (6), for a circular rod
E= 21[(%29 dynes per square Cm. ............ (8)

When the rod is of rectangular section with sides 2a and
2b cm., the side 2b being vertical when the rod is in position for
bending, the “moment of inertia” of the area about an axis
through its centre parallel to the side 2a is given by

B TR AT % bt bHanoatdadeonbibos 9

* See Note IV, § 12.
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Hence, by (6) for a rectangular rod
3Mplg
8ab’h

A series of observations for & i1s made. The masses in the
pans are increased by four or five equal steps from zero to some
maximum value which does not strain the rod beyond the elastic
limit, and the masses are then diminished to zero by the same
steps, a reading of the pin being taken at each stage. The masses
should be placed gently in the pans to avoid the extra stresses
which occur when the masses are dropped into the pans*. The
difference between the mean of the two readings for given masses
and the mean of the two readings, when the pans are empty, is
taken as the elevation due to these masses.

Care must be taken not to load one pan so much more than
the other that the greater overbalances the smaller load.

If /M prove to be nearly constant for different loads, the
mean value may be taken as the best value of i/M to use in
calculating £. When there are serious irregularities, the values of
M and of h should be shown on squared paper, and a straight line
should be drawn by aid of a stretched thread, as in § 53, so as to
pass as evenly as possible among the plotted points. The differ-
ence between the values of h as shown by this line for M =0 and
for some definite mass M is taken as the value of A for that mass.
These values of M and h are used in (8) or (10).

If we are to keep within the elastic limit, the maximum
elongation of the most highly strained longitudinal filaments
should not exceed about 5y cm. per ecm. It follows, by Chapter I1,
§ 30, that p must not be less than 1000d, where 2d stands either
for the diameter of a circular rod or for the vertical thickness of a
rectangular one. Hence, by (4), we see that h, + % should not
exceed 2/(2000d). Thus, if 2d=1 cm. and if 2/ =80 cm., k,+A
should not exceed 1'6 cm.

E= dynes per square cm. ............... (10)

67. Mirror method of determining curvature. We have
just seen that the elevation of the middle point of the rod must
be comparatively small, if the strains are not to pass the elastic

* See the first Footnote on page 82.
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limit, and thus, if a millimetre scale, read by eye, is the only
available means of measuring the elevation, it is clear that no
great accuracy is possible. The distance to be measured is, how-
ever, easily increased by using a mirror. A plane mirror R (Fig. 37)

Fig. 37.

is attached to the rod with wax immediately over the knife edge D
and is adjusted so that the normal to the mirror is approximately
parallel to the rod when the rod is not loaded. A vertical scale S
is placed over the other knife edge C' and a telescope 7, fitted
with cross wires, is placed so that the observer can view a point @
on the scale by retlexion at the mirror. In this method we rely
on the axis of the telescope remaining in a fixed direction. Care
should, therefore, be taken that the telescope is firmly mounted.
It will be difficult to obtain satisfactory readings if the apparatus
be much disturbed by vibration.

Since the tangent to the rod at the middle point remains
horizontal and since CD = 21, it follows that, if the tangent at D
turn through an angle 6 when the load M,+ M is hung at each
end,

0=1/p.
But, if the scale appear to move past the cross wire of the telescope
through 2z, cm., when the scale-pans are hung on, and through an
additional z cm., when a mass M is placed in each pan, we have,
for small angles,

2tz
gL
since the angle turned through by RQ is twice the angle turned
through by the mirror. Hence, \

42
2+ 2z’

l
p=y=
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Comparing this result with (4), we have
2o+ 2=8(ho+h),
or, since this holds for all corresponding values of % and z,
2= 8h.
Thus the apparent movement of the scale past the cross wire is

eight times the corresponding motion of the middle point of
the rod.

Substituting for £ in (8) and (10) we have for a round rod

2
E= %ﬂ dynes per square cm. ......... (11)
and for a rectangular rod
E = 3%59 dynes per square cm. ............ (12)

The readings obtained by aid of the mirror may be treated as
those obtained by aid of the pin are treated in § 66.

68. Practical example. The observations may be entered as in
the following record of an experiment made by Mr D. L. H. Baynes upon
a circular rod of steel.

Readings of screw-gauge for pairs of diameters at right angles,

‘9562 | -9612 | 9585 | *9557 | 9556
‘9620 | -9595 | ‘9651 | ‘9568 | ‘9596
Correction for zero error 00006 cm. ; to be added.

Mean diameter =2a="9596 cm. Radius =a="4798 cm.

Distance between knife edges =2/=80 cm.

Distance between knife edge and point of suspension of load =p =35 cn.

. Mean reading 9590 cm.

Scale reading | Scale readin Mean elevation R
Ko phelt, Loading A Unloading < h M
grms. cm. cm. y cm. cm. grm.~1
0 550 5+50 0-00
500 532 5-31 018 3'60x10-%
1000 - 518 5°18 032 3:20
1500 500 500 050 333
2000 4-84 482 067 335
2500 4-69 4-69 0-81 324
3000 452 450 0-99 3-30
3500 4-37 4-35 1-14 326
4000 4-21 — 129 322
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When the mean elevation % was plotted against the load M, the straight
line lying most evenly among the points cut the line /=0 at 002 c¢m. and
the line M#=4000 at 1:30 cm., the difference being 128 cm. Hence, for
calculation, we use A/M=128/4000=3-20x10~* cm. grm.”%. The values of
h/M given in the table are somewhat irregular. If the value 3'60x 10~ be
excluded, the mean of the remainder is 3:27x 104, slightly higher than the
number obtained from the diagram. Using 2/M=3-20x10~% we find, by (8),
for Young’s modulus

B 2Mplig 2x35x40%x 981
T owath T 3:142x0°4798!x320x 104

=2-06x 102 dynes per square cm.

EXPERIMENT 7. Determination of Young’s modulus by
uniform bending of a rod. Dynamical method.

69. Determination of Young’s modulus. The ends of
the wire or rod are soldered into two clamping-screws which are
secured to two equal inertia bars AB, CD (Fig. 38). Two light

A C

Fig. 38.

hooks about 4 cm. long are screwed into the bars at @, @, so that
the hooks are perpendicular to the wire, as in Fig. 39, which
shows a section of the arrangement by a plane through G per-
pendicular to the axis of the bar AB. The cylindrical recess in
the inertia bar allows the end of the clamping-screw to lie on the
axis of the bar. By means of the hooks, the system is suspended
by two parallel strings at least 50 cm. long. Since the centres of
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gravity of the bars are below the hooks, the system can rest in
stable equilibrium with the plane ABCD horizontal.

0

Fig. 39.

If the two bars be now turned through equal angles ¢ in
opposite directions and be then set free, the system will vibrate,
each bar executing harmonic vibrations in a horizontal plane.

When the vibrations are small, the rod or wire is only slightly
bent, and hence the distance GG, measured along the straight
line, differs very little from the length of the wire itself. If P, P’
be two neighbouring points on the wire and @, @’ be their pro-
Jjections on the straight line GG’, we have QQ’'= PP’ cos 4, where
Y- is the angle between GG’ and the tangent at P. Thus, since
4r is small,

PP’ —QQ'=PP’ (1 —cosy)=4PP .42
Now, the maximum value of 4 occurs at the ends of the wire, and
there Y =¢. Hence, if the length of the wire be / cm.,
- GG < $i¢?

so that, when ¢ is of the first order of small quantities, the
displacements of G and G’ towards each other are of the second
order. For small vibrations we may, therefore, treat the distance
G@’ as invariable.

When the mass of the wire is negligible compared with that of
the bars, the motion of G and G’ at right angles to GG’ may be
neglected.

Since the horizontal displacements of G and G’ are very small
compared with the length of the supporting strings, the vertical
motion of G and G’ is negligible.
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Now, whatever be the forces acting on either bar, they may, by
Note I, be reduced to a force and a couple. By Note III, § 1,
the force is Mf, where M is the mass of the bar and f is the
acceleration of the centre of gravity of the bar. But, to our
order of accuracy, the centres of gravity of the bars are at rest, and
hence the action of the wire on either bar is simply a couple
which, by symmetry, must have a vertical axis. Conversely, each
bar exerts a couple on the wire. Hence, the “bending moment ”
(Chapter II, § 31) is the same at every point of the wire, and thus
the neutral filament of the wire is bent into a circular are.

It is shown in Chapter II, § 31, that the bending moment is
EI]p, where p cm. is the radius of the arc, £ is Young’s modulus,
and 7 em.* is the “moment of inertia” of the area of cross section
of the wire about an axis through the “centre of gravity” of that
area perpendicular to the plane of bending. This axis is per-
pendicular to the plane of Fig. 38. If ¢ be the angle turned
through by either bar from its equilibrium position, we see from
Fig. 38 that p =1/2¢, since the length of the wire is / cm.

Let the moment of inertia of either bar about a vertical axis
through its centre of gravity be K gramme cm? and let the
angular-acceleration of the bar towards its equilibrium position be
a radian sec.” when the displacement is ¢ radians. Then, since
the couple on the bar is £I/p, we have, by Note III, § 2,

couple EI 2ET
~ moment of inertia T Kl &

The angular acceleration per radian of dlsplacement is 2EI/KI
radian sec.™ towards the equilibrium position, and thus if Ty be
the periodic time, we have, by Note V, § 2,

T, = 2 (angular acceleration for one radian)~ %

Kl
= 277' m © tessesecsrresssesetertasssanrerstserrensen (1)
If the radius of the circular section of the wire be @ cm., we have,
by Note IV, § 12,

I=}ma*cmt,

Hence, by (1), E= %ZTKY dynes per square cm. ............ 2)
1
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In (2) the mass of the wire has been entirely neglected. It
may be shown* that, when m, the mass of the wire, is small
compared with the mass of either bar,
8arl ml?

- <K + ’66) e, (3)

70. Experimental details. In order that the most highly
strained portions of the wire should not be strained beyond the
elastic limit, it is necessary that the amplitude of the vibrations of
the bars should be small. As it is impossible to observe the time
of vibration of the bars satisfactorily unless the motion we are
considering is undisturbed by any other motion of the system, the
vibration must be started without giving the bars any motion of
translation. The two ends B, D (Fig. 38) are drawn slightly together
by a loop of cotton thread, and the system, thus constrained, is
brought carefully to rest. The desired vibration is then started by
burning the thread. A pointer should be set up close to the end of
one of the bars, and the transits past the pointer of a mark on the
bar should be observed in finding the time of vibration. Some care
is necessary in this part of the work, for it is found that with large
arcs of vibration the periodic time is appreciably greater than for
small ares. If the arcs are large the result may be considerably in
error.

The relation between the amplitude of the vibration and the
maximum elongation of the material of the wire is easily found.
For, by Chapter II, § 30 and equation (1) of § 29, if ¢ be the
maximum elongation, e=a/p cm. per cm. But p=1{/2¢ and hence
¢=c¢l/2a. Errors will be avoided if e never exceeds zgiy. If
the wire be 25 cm. long and 01 cm. in diameter, ¢ will not exceed
sdoo, if ¢ does not exceed 3y radian or about 3°.

The time of vibration may be found by a stop-watch or in other
ways (see § 63), but unless the time-piece is known to be keeping
correct time, it should be compared with a standard clock.

Readings for the diameter of the wire should be made by a
screw-gauge at four or five places equally spaced along the wire,
two perpendicular diameters being measured at each place. The

E

* G. F. C. Searle, Philosophical Magazine, Feb. 1900, p. 197.



111] YOUNG'S MODULUS BY BENDING 111

mean reading, when corrected for the zero error of the gauge, is
taken as the diameter, 2a, of the wire*,

If the readings show that the diameter of the wire is sensibly
elliptical, a mark should be made on one of the clamping-screws,
and the periodic time should be observed when the clamping-
screws are adjusted so that the mark is vertical. The screws should
then be loosened and the wire turned about its axis until the mark
is horizontal, the screws being then tightened and the periodic time
again observed. The mean of the two periodic times is used in (2).

The mass of each bar is found before the hole is bored in it
and before the hook is fixed to it, and the value of this mass is
stamped on the bar+. If the mass of the bar be M grms., if its
length be 2L cm. and if the sides of the square section be 24 cm.,
we have, by Note IV, § 6,

K=}1M(L*+ 4% gramme cm?

The simple theory supposes that K, and K, the moments of
inertia of the bars 4B, CD (Fig. 38), are exactly equal. This will
not generally be the case in practice, but it follows from the
principles employed in obtaining equation (3) that, when K, and
K, are nearly equal, the observed time of vibration will not differ
appreciably from that which would be found if the moment of
inertia of each bar were § (K, + K;). We may therefore take K
in equation (2) as equal to the mean of the moments of inertia of
the two bars.

71. Practical example. The observations may be entered as in the
following record of an experiment made by Mr D. L. H. Baynes on a wire of
German-silver.

Length of bars=2L=32"10cm. Breadth of bars=24 =129 cm.

Mass of each bar= =441 grammes.

Moment of inertia of each bar=K=3 M (L?+ 4%)=1441 (16:05%+ 64?)
=3793x10*grm. cm.2

Length of wire =/=31"15 cm.

Readings of screw-gauge for pairs of diameters at right angles,

*1189 | 1187 | -1187 | ‘1188 | mean *1188 cm.
‘1189 | 1190 | -1191 | 1189 | mean 1190 cm.

} mean ‘1189 cm.

* See Footnote on page 92.
+ The reasons for this procedure are similar to those explained in Note VIL.
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Correction for zero error ‘0005cm.; to be added.

Mean diameter =22 ="1189+0005="1194 cm. Radius =a="0597 cm.

The mean readings for the two diameters, viz. ©1188 and ‘1190 cm. were
so nearly equal that it was considered unnecessary to change the positions of
the clamping-screws in the bars.

Time of 50 complete vibrations 71°0, 70'8. Mean 709 secs.

Periodic time 77=1418 secs.

Hence, by (2), we find for Young’s modulus

8w Kl 8x3142x3793 x 10¢x31°15

T = T I < 605074 =116x10'? dynes per square cm.
1 ¢

E=

EXPERIMENT 8. Comparison of elastic constants. Dyna-
mical method.

72. Method. By the apparatus used for EXPERIMENT 7 we
can compare Young’s modulus £ and the rigidity » of the material
of the wire by simply observing two times of vibration. The
inertia bars are unhooked from the strings and one bar is clamped
to a shelf or other suitable support so that the wire is vertical.
The other bar is then caused to vibrate about a vertical axis,
exactly as in EXPERIMENT 5 for finding the rigidity. Since the
vibrating bar is of square section, its moment of inertia about the
wire is equal to K, its moment of inertia about the axis of the hook,
provided that the effects of the hook, the clamping screw, and the
recess, be negligible. If 7, be the periodic time of the torsional
vibrations, we have, by equation (1), § 63,

8TKl
n= T22(l—4. ........................... (1)

The periodic time, T, of the vibrations discussed in § 69 is then
observed. By equation (2), § 69,

87Kl
E= Tiagi s L Bl (2)
2
and hence, by (1), %‘= —,?32 ........................... 3)

Thus we can compare & and n without knowing the length or
diameter of the wire or the dimensions of the inertia bars.

If K, and K, the moments of inertia of the two bars, be not
exactly equal, each bar should be caused to vibrate in turn. The
mean of the two periodic times will be very nearly equal to that
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which would be found if the moment of inertia of each bar were
L (K 4+ K¢). We may therefore take T, in equation (1) as equal
to the mean of the two periodic times. On page 111 it is shown
that in equation (2) we may take K as equal to 1 (K, + K,).

When E/n has been found, Poisson’s ratio, o, is easily calculated
by formula (11) of § 19, Chapter I, viz.

E
g = ’2—n“—1 ........................... (4‘)

The following table* gives some values of £/n obtained by this
method when applied to wires about 0’1 c¢m. in diameter. To make
the results more complete, the values of E and n were calculated
by (2) and (1), the unit for each modulus being one dyne per
square cm. In each case the value of £ has been corrected for
the mass of the wire, the correction bemg about % per cent.

. E n
Material dyne em.~2 | dyne cm.™?2 Efn v
|
“Silver ”-steel ... wo [ 1°981x 1012 | 7-872% 10" | 2:516 | 0-258
Brass (hard-drawn) ... .o | 1-022 3715 2751 0376
Phosphor-bronze e | 1201 4359 2755 [0-378
Silver (hard-drawn) ... 0-778 2816 2762 | 0381
Copper (hardened by stretchmg) 1-240 3880 3195 (0598
Copper (annealed) o3 1-292 4018 3217 | 0-608
Nickel (hardened by stretchmg) 2395 7424 3227 (0614
Platinoid.. 1-359 3602 3773 | 0-887
German-silver (hard dra.wn) 1-155 2618 4414 | 1-207

For the last five substances £/n is greater than 3, and hence,
by (4), o is greater than 4. For an isotropic material we have, by
formula (12) of § 19, Chapter I,

8k (1 —20) = 2n (1 + o).
Thus, if o were greater than i, either the bulk modulus & or the
rigidity n would be negative. In the first case, a hydrostatic pres-
sure applied to the material would cause it to increase in volume,
and in the second case, a positive shearing stress would give rise to
a negative shear. We infer that the wires of the last five sub-
stances are so far from being isotropic that the theory of isotropic

* @. F. C. Searle, Philosophical Magazine, Feb. 1900, p. 199.
S. E. E. 8
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solids does not furnish a working approximation. Considering how
violent is the process of wire-drawing, this result is hardly
surprising.

73. Practical example. The results may be entered as in the
following record of an experiment by Mr D. L. H. Baynes on the wire of
German-silver used in the experiment of § 71.

Time of 50 complete vibrations (Young’s modulus) 710, 70-8. Mean
709 secs.

Hence 7', =1-418 secs.

Time of 50 complete vibrations (Rigidity) 1534, 153-4. Mean 1534 secs.

Hence 7%=3068 secs.
E T2 3068
Hence, by (4), Poisson’s ratio =o=(Z/2nr) - 1=1-34.
Since the maximum value of o for an isotropic solid is 3, this result
shows that the German-silver wire is far from being isotropic.

ExXPERIMENT 9. Determination of Poisson’s ratio by the
bending of a rectangular rod.

74. Introduction. It is shown in Chapter II, § 29, that,
when a rod of rectangular section is bent into a circular are, the
transverse section is distorted*. The sides BC, AD (Fig. 12) of the
section, which are initially parallel to the axis of bending, become
circular arcs having a common centre S, while the sides 4B, CD
which are initially perpendicular to the axis of bending become
straight lines A’B’, C'D’ passing through S. If the distance of S
from O, the point where the neutral filament cuts the plane of the
diagram, be p" cm. and if the radius of curvature of the neutral
filament be p cm., then we have, by formula (5) of § 29,

Hence we can find Poisson’s ratio ¢, if we measure the longitu-
dinal curvature 1/p, viz. the curvature of the neutral filament, and
determine the point S through which the sides 4’B’, "D’ would
pass, if continued. Instead of finding S, we may deduce 1/p’ from

* See Chapter II, §§ 33, 34, for the difference between a rod and a blade with
respect to the distortion of the section.
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carries a horizontal scale 7' and the point P of the other needle
moves along this scale when the rod is bent, the relative motion
indicating the extent of the distortion of the transverse section.
The tip of the needle VP should be ground to a fine point so that
the readings may be taken with certainty to {4 mm.

An efficient method of attaching the needles to the rod is shown
in Fig. 41. Two connectors, each fitted with two set screws, such

o

i s :D
i ]
: Q
!
o Ul
I=58 H
T
Fig. 41.

as are used for electrical connexions, are soldered to the sides of
the rod at U and V and the needles are secured in the connectors
by the set screws.

It would be difficult, without some special device, to solder the
connectors to the rod one at a time, for the act of soldering the
second connector to the rod would probably cause the solder holding
the first one to melt. To avoid this trouble, the connectors may
be fixed to the two needles as in Fig. 41, and the needles may
then be secured in a suitable clamp so as to hold the connectors in
position against the sides of the rod. The soldering may then be
accomplished by aid of a soldering bit or blowpipe.

Since the motion of the pointer VP along the scale 7' is only
small, a telescope should be used to magnify the scale and to avoid
errors of parallax.

The two long needles are very sensitive to vibration, and thus
it is impossible to obtain accurate readings if the apparatus be set
up in a part of the laboratory which is subject to much vibration.
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Since the distances LN, L'N’ (Fig. 40) are equal, and since the
masses suspended from L and L’ are equal, it follows, as in § 66,
that the bending moment is constant for all points of the rod
between N and N'. Hence the neutral filament is bent into a
circular arc.

The value of 1/p/, the transverse curvature, is deduced from the
motion of the pointer VP relative to the scale 7. On VS, US
(Fig. 42) take P, P’ such that V.P = UP’'=p, where p cm. is the

Fig. 42.

length of the steel pointer measured from the tip to the centre of
the edge of the rod, and let the straight line PP’ cut the vertical
lines through V and U in K and K’. Then, since the angle VSU
or §is the sum of the very small angles PVK, P'UK’, we may take

p0=PK + P'K.
If the displacement of the tip of the pointer along the scale
be z cm., we may write
2=PK + P’K’'=p6.

Hence, by (2), we find for the transverse curvature

We have here supposed the axes of the steel needles to coincide
with the faces of the rod, but it is easily seen that the result is
the same when the axes of the needles are at small distances from
the edges of the rod, as in Fig. 41. TFurther, there is no need for
the needles to be absolutely straight.
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The curvature 1/p of the neutral filament is deduced from the
vertical motion of @, the point midway between U and V. A pin
is attached by wax to the rod at @ and a vertical scale (not shown
in Fig. 40) is placed so that the tip of the pin moves along it when
the rod is bent (see Fig. 35). If preferred, the mirror method
described in § 67 may be used for finding p.

If the distance between the knife edges be 2{ cm. and if . cm.
be the distance through which @ rises when a mass M is placed in
each pan, we have [2=Ph (2p — k), or approximately, since h is small
compared with p,

75. Determination of Poisson’s ratio. A series of obser-
vations is made. The masses in the pans are varied by equal steps
from zero to some maximum value which does not strain the
rod too much. In putting the masses into the pans care must be
taken that one pan is not so heavily loaded that the heavier
load overbalances the other. To avoid this disaster, equal masses
may be put into the two pans simultaneously, using both hands.
The masses must be put into the pans as gently as possible so as
to avoid any chance of disturbing the clamping of the long steel
needles.

For each value of the load, beginning with the pans empty,
the reading of the needle VP on the scale 7' is taken as well as
the reading on the vertical scale of the pin attached to the centre
of the rod. If the pans be light, we may take the readings when
the pans are empty as the zero readings.

To determine Poisson’s ratio from the observed quantities we
use the values of 1/p’ and 1/p given by (3) and (4), and thus we
find
0z

dap R s (5)

o'=£,=
P

The results of the observations may be shown graphically,
k being taken as abscissa and « as ordinate ; a straight line is then
drawn by the aid of a thread (page 83) so as to pass as evenly as
possible among the plotted points. The difference in the values
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of z, as shown by this line, for k=0 and for some definite elevation
h is taken as the best value of # for that value of h. These values
of h and & are used in calculating o by the formula (5).

76. Practical example. The observations may be entered as in
the following record of an experiment made by G. F. C. Searle upon a steel
rod about 0'3 cm. (} inch) in thickness.

Width of bar at centre =2¢=248 cm. Hence =124 cm.

Thickness of bar=2b=03 cm. Hence =015 cm.

Distance between knife edges =2{=40 cm. Hence [=20 cm.

Distance from knife edge to point of support of corresponding pan=30 cm,

Distance from tip of pointer to centre of edge of rod =p=43-0 cm.

To give a clear idea of the magnitudes of the two radii of curvature, the
values of p and p’ have been calculated by (4) and (3). Thus,

_E_Q_Of_g_(zg ,_Z2ap _2'48x43 1066
P=or~ 2%~ %’ Pm% = o T &
. . . | L
Load in Reading of Reading of B l o ;|
each pan | pin at centre pointer | z — cz,;] P
grammes em. cm, CHLAY I h NI
0 11-00 8°77 — — — @ @©
500 1075 8-81 025 | 0°04 | 0°160 | 800 | 2670 |
1000 10°51 8-84 049 | 0-07 | 0-143 | 408 | 1520 '
1500 10-29 8-88 071 | 0°11 | 0155 | 282 | 970
2000 1004 891 096 | 014 | 0°146 | 208 | 762 l
2500 9-80 8-95 120  0°18 [ 0°150 | 167 | 592
3000 9-60 8-99 140 | 0°22 | 0°157 | 143 | 485

‘When the values of x and % were plotted, the best value of 2/ was found
to be 0-152, which is identical with the mean of the values of 2/A given
in the table. Hence, by (5),

? =z 202
dap %~ TxTeixasox0192=028
The value of a?/2b is 1:24%/0°3 or 513 cm. The least value of p' is
485 cm. and this is nearly 100 times the value of a?/2b. Thus the conditions

laid down in Chapter II, § 33 are fully satisfied.

Poisson’s ratio =o=

EXPERIMENT 10. Determination of Young’s modulus by
non-uniform bending of a rod.

77. Introduction. In EXPERIMENT 6 the rod is loaded in
such a way that the bending is uniform for the part of the rod
between the knife edges. We now consider the case of non-
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uniform bending presented by a rod supported at its ends and
loaded at its centre. The general mathematical theory of this
case is beyond the scope of the present book, but it so happens
that the conditions under which it is easy to make experiments
with a rod loaded at its centre are those which must be satisfied
in order that the results of the partial mathematical treatment,
which is given below, may be good approximations to the truth.
To obtain a working knowledge of these conditions, we shall
consider a weightless rod of length I, fixed horizontally at one
end B, and bent by a downward vertical force ¥ applied to the
other end C in the manner indicated in Fig. 43. Let P be a

N~ F
B p c
oi
z ' l-x
N AT F Y F
Fig. 43.

point on the rod at a distance # from the end B, let a transverse
plane PO be drawn through P and let us consider the equilibrium
of the portion PC. If we apply equal and opposite vertical forces,
each equal to F, to the end of PC nearest to B, we see that the
downward force F applied at C is equivalent to a downward force ¥
applied at P together with a clockwise couple. Since the equili-
brium of PC is maintained, the action of BP on PC is equivalent
to an upward vertical force F together with a couple G in a
direction tending to turn PC in a counter-clockwise direction,
where
GI= (U )W P55 S D SRR 5 1)

The force ¥ is supplied by the tangential stresses over the

section, and hence, if ¥V, be the average vertical tangential stress,

Bt g SO R (2)

where A is the area of the section.

The resultant of the normal stresses across the section vanishes,
since the only force applied to PC is F, and F is vertical. Hence
there is some point O in the section where the normal stress (77
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changes sign. Through O take rectangular axes 0Z, perpendi-
cular to the plane of the paper, and OY, perpendicular to the
length of the rod, and take moments about OZ. Then, if (T%),, be
the average value of T, we have

AT =G =F@=2). ceecevvevernen.. (3)

From (2) and (3) we have

_F(Ty)y
Ve=4=724

We may conclude from this result that, when the greatest
value of y is small compared with ! — z, the average value of V'
is small compared with the values of 7' at the top and bottom
of the rod, where the normal stress is greatest. Thus, we may
expect the effects of the vertical shearing stress V, as shown in
the deflexion of the end C, to be small compared with those of the
normal stress 7, provided the length of the rod be great compared
with its depth*,

78. Approximate results for non-uniform bending.
When the vertical shearing stresses are neglected, we may neglect
any changes in the angles of a square with horizontal and vertical
sides in a plane parallel to that of the paper in Fig. 43, and hence
a transverse section of the straight rod is strained into a surface
cutting all the longitudinal filaments at right angles. If G be the
point in the strained section which corresponds with the “centre
of gravity” or centroid of the unstrained section, the plane touching
the strained section at G will nowhere deviate appreciably from
the strained section itself, provided the rod be thin, and conse-
quently the assumption that the strained section is accurately
plane will not lead to any appreciable error.

We suppose that the bending takes place parallel to a plane
of symmetry of the rod, and, as in Chapter II, § 28, we call that
plane the plane of bending. Corresponding to any transverse
section, there is one longitudinal filament in the plane of bending
which, in the neighbourhood of that section, remains unchanged

* Horizontal shearing stresses will act across the section through O (Fig. 43) as
well as vertical shearing stresses. The effects of the former on the deflexion of C
will be much less than that of the latter and are neglected in the investigation.
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in length, and this filament is called the neutral filament cor-
responding to that section, while the straight line, which passes
through the centre of curvature of the neutral filament at any
point and is perpendicular to the plane of bending, is called the
axis of bending for that point.

From the investigation of the uniform bending of a rod given
in Chapter II, §§ 28 to 33, we may expect that, when the radius of
curvature of the neutral filament is large enough compared with a
quantity depending upon the form and magnitude of the transverse
section, the tension of any longitudinal filament, at a point where
the elongation is e cm. per cm., will not differ appreciably from
that which would give the elongation e in a filament of equal
unstrained section if the sides of this filament were free from
stress. We shall therefore calculate the tension 7' in terms of
Young’s modulus & by the formula

which, by Chapter I, § 17, applies to the case where the sides of
the filament are free from stress.

If O (Fig. 44) be the point where the neutral filament cuts
the plane of the transverse section, and if, in that plane, we take
rectangular axes* OX, OY, parallel and perpendicular to the axis

Y
l:l P
iy
! x I /
R H
Axis oF BENDING
Fig. 44.

* The axis of x is now taken at right angles to the plane of Fig. 43. In
§§ 79, 81, 82 the axis of x is in the same direction as in Fig. 43.
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of bending RH, it follows, as in Chapter II, § 29, that, if e be the
elongation of the longitudinal filament through the point P, which
has the coordinates z, y, then
e=ylp .
where p is the radius of curvature OR of the neutral filament.
If T dyne cm.™® be the tension of the longitudinal filament, we
have, by (4),
T =Ee = Ey/p.

We can now find the position of the neutral filament. For,
if N be the total force acting across the transverse section and at
right angles to it, and if « be an element of area, we have

N=3Ta=E3ay/p. ...cc.cocvvvvinvans. (5)

But Say =4, where h is the ordinate of the “ centre of gravity”
of the section, and A4 is the area of the section; thus

h=Zay/A =pN[AE. .................. (6)
Hence, when N is known, the position of the neutral filament
relative to the “centre of gravity” of the transverse section is
known,

In many cases the forces are applied to the rod in such a way
that NV is zero. In these cases h vanishes, and then the neuntral
filament passes through the “ centre of gravity ” of the section.

In the EXPERIMENT now under discussion the rod slides slightly
over the knife-edges (Fig. 46) when the load is changed, and this
motion is opposed by friction which therefore gives rise to a
horizontal force. Since the depression of the centre of the rod
due to a given load is found in practice to be nearly the same
whether this load be reached by increasing a smaller load or
decreasing a larger one (see §§ 68, 84), we may conclude that the
effects of the horizontal force due to friction are small; in the
present EXPERIMENT these effects will be neglected.

The sum of the moments, about the axis OX (Fig. 44), of the
tensions in the longitudinal filaments is equal to the “bending
moment,” ie. the moment about the same axis of the forces ap-
plied to the rod on either side of the transverse section. Hence,
if the bending moment be G dyne-cm.,

G=2Tay=—§2ay2=%’[, ............... )
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where I is the “moment of inertia” of the section about the
axis 0X.

When N is zero or negligible, O may be taken to coincide with
the centre of gravity of the strained section and when, in addition,
the bending is slight, I may be taken as equal to I,, the moment
of inertia of the unstrained section about an axis through its
centre of gravity parallel to the axis of bending.

From (6) and (7) we have

IN pN

= QA= T4 oo 8)
and thus the distance of the neutral filament from the “centre
of gravity” of the section will vary as we pass along the rod,
unless N/G or pIN be constant. This condition is not generally
satisfied, and hence, in general, there is no one longitudinal filament
in the straight rod which suffers no elongation at every point of
its length, when the rod is bent.

When a horizontal rod is bent by vertical forces, as in Fig. 46,
the force NV is negligible, but when a rod which is fixed at one
end with its axis slightly inclined to the vertical is loaded at the
other end, NV will be large at all points of the rod, while G will be
zero at the loaded end and will increase as the fixed end is
approached. In this case & may be so large near the loaded end
that the neutral filament does not lie within the rod; in other
words, every longitudinal filament is either extended or shortened
according to the direction of N. The moment of inertia I can
then no longer be taken as equal to I, but must be found from
the expression

L mGEY AhE Tb e e 8 s 9)
which is obtained in Note IV, § 12.

79. Cartesian expression for curvature. When a rod is
bent by the application of known forces, the bending moment G
is known at every point of the rod. When the effects of the force
N are negligible, I may be taken as equal to J, and then equation
(7) gives the curvature 1/p, and from this information we have to
determine the form of the rod. When, as in practical cases, the
bending is slight, we can obtain a simple differential equation from
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Instead of observing the depression of the central point C, we
may observe the slope of the rod at B. A plane mirror R is
attached to the rod immediately over the knife edge B and a
vertical scale S’ is set up over the knife edge A. By a telescope 7'
fitted with cross-wires and held in a firm stand (§ 67), the scale
S’ can be viewed by reflexion at R ; the slope of the rod at B
can be deduced from the apparent motion of the scale past the
horizontal cross-wire of the telescope.

81. Depression at centre of rod. Let P (Fig. 49) be any
point on the rod and let the coordinates of P relative to the
axes CX, CY through the central point C' be z, y cm. Let

My

A

Fig. 49.

the distance between the knife edges A, B be 2] cm. For the
sake of clearness, the curvature of the rod is greatly exaggerated
in the figure. Let a load of M grammes be suspended at C. If
the rod be so stiff that it is only slightly bent by its own weight,
the additional depression due to M may be taken to be equal
to the depression which M would cause if the rod were without
weight. -

In the case of a weightless rod, the upward force due to each
knife edge is $ Mg dynes. Hence, if G be the bending moment
at P, we have

G =%Mg(l —x) dyne-cm. ............... (16)
"Thus, by (7) and (16), ;
. EI
%Mg(l—x):—f—)—. ..................... 17)
5 AN

or, by (15), & 2EI(l—:ic), .................. (18)
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the differential equation from which the form of the rod is to be
deduced.
Integrating (18) with respect to #, we have
d_y _ Mg
dz~ 2EI
where K is a constant. At (' the rod is horizontal, and hence
dy/dz =0, when £ =0. Thus K =0.
Integrating a second time, we find

(2 =30+ K, wovereene... (19)

M,
Y=g le—4a) + ¥,

where N is another constant whose value is zero, since the axes
have been chosen so that y =0 when z=0. Hence the form of
the rod is given by

y= 12EI(3M B v, (20)

It should be noticed that this equation holds good only over the
part OB of the rod. For points on AC, the bending moment is
not $ Mg (I — z) but $ Mg (I + «), which leads to
Mg
T 12EI

For values of # which are numerically equal but of opposite signs,
equations (20) and (21) give identical values of y.

If the depression of the mid-point be A cm., we see that A
is equal to the elevation of B above the axis CX. But at B,
« =1 and hence, by (20),

(Bla? + 2%). eoveererennn, (21)

_ Mgl
h= GEI> e (22)
Mgl
and E= dynes per square cm. ............ (23)

6h

When the rod is circular with diameter 2a cm. or radius @ em.,
we have, by Note IV, § 12,
I=%}matcms,
and for a rectangular rod of width 2@ and thickness 2b cm., the
side whose length is 2b being vertical in the experiment,

-— 3 4
I=4%ab® cm.t
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On integrating this equation from #=0 to # =« and noting that
sin{y =0 when #=0, we find

. M
sin = @% Iz =327, oo, (29)
and thus
e (Mgl Mgl* 1 /Mgl
\P‘B—Sln 1<_—4E[)—T4EI+E(—4«—EI) SF G00 0 G6009d (30)

When +p is small, the value given by (26) does not differ
appreciably from that given by (30).

83. Determination of Young’s modulus. Young’s modu-
lus may be deduced either from the depression of the mid-point or
from the apparent motion of the scale past the cross-wire of the
telescope. ‘In either case a series of observations is made. The
mass in the pan is increased by equal steps from zero to some
maximum value which does not strain the rod beyond the elastic
limit, and the mass is then diminished to zero by the same steps.

If the elongation of the most highly strained filament is not to
exceed o4y cm. per cm, it follows, by Chapter II, § 29, that p,
must not be less than 1000a, where 2a is the diameter of the rod
if circular, or its thickness (measured vertically) if rectangular.
Hence, by (25), k should not exceed #/(3000a).

At each stage of the loading and unloading a reading of the pin
(or of the cross-wire) is taken. The difference between the mean of
the two readings for a given mass M and the mean reading when
the pan is empty is taken as the value of A (or of 2z) which
corresponds to M. As in § 66, we may leave the mass of the
pan out of account.

If the values of h/M or of z/M prove to be nearly constant for
different loads, the mean value of h/M or of z/M may be used for
finding Young’s modulus. When the irregularities are serious, the
graphical method should be used. In this case, the values of M
and of A or of z are plotted and a straight line is drawn as evenly
as possible among the plotted points. The difference between the
values of & (or of 2), as shown by this line, for M =0 and for some
definite mass M, is taken as the best value of & (or z) for that mass.
These values of M and of & or z are used in (23) or in (28).
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84. Practical example. The observations may be entered as in
the following record of an experiment made by Messrs G. F. C. Searle and
D. L. H. Baynes upon the circular rod of steel which was used in § 68, where
the bending was uniform.

Readings of screw-gauge for pairs of diameters at right angles,

9614 | *9580 | 9592 | ‘9610 | 9612 | ‘9637
9643 ] 9623 | 9565 | 9595 | ‘9623 | ‘9625

Mean reading 0:9610 cm. Correction for zero error 0:0006 cm.; to be
added.

Mean diameter =2¢=0-9616 cm. Radius =a=04808 cm.

Hence, moment of inertia of section =I=}nat=004197 cm.t,

Distance between knife edges =27=90 cm.

Observations were taken both for the depression (%) at the mid-point and
for the apparent displacement (z) of the scale past the cross-wire of the
telescope, using the mirror method.

|

Direct METHOD ’ Mirror METHOD !
Load T == — ‘
M Seal Mean | Seal Mean !

grammes CAC | depression | 1000% | S%€ | Displace- | 1000z

reading 1 = reading |° o
cm, M ! cm. i
em. ‘ cm,
| i | -

0 501 — — | 2340 — —
2000 539 0-375 0-1875 | 25+57 2-180 1:090
4000 574 0730 0°-1825 27-76 4-365 1-091
6000 6-10 1-085 0-1808 29-92 6535 1-088
8000 6°45 1435 0°1794 3209 8-685 1-086
6000 6-10 | —_— 2996 — —
4000 575 | — R 2778 — —
2000 5:39 | Lk J 2560 = =

0 502 | — ‘ — ’ 2341 —_ —

Mean value of 2/M=1'826 x 10—*cm. grm.~1, °
Mean value of z/#=1089x10~% cm. grm.~L
Dividing the mean value of z/M by six, we have 1-815 x 104, which
agrees fairly with the mean value of Z/M.
Using the direct method, we have, by (23),
Mgls 981 x 453
641 ~ 6x1'826x 10~ x 004197
Using the mirror method, we have, by (28)
Mg 981 x 45
2l T 1089x10-3x 004197
These values of E are about 5 per cent. lower than that obtained in § 68.

9—2

E= =194 x10'2 dynes per square cm.

=196 x 102 dynes per square cm,
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EXPERIMENT 11. Determination of rigidity by the torsion
of a blade.

85. Introduction. The uniform torsion of a blade, ie. a
strip of metal whose thickness is very small compared with its
width, is considered in §§ 42 to 45, Chapter II. In § 45 it is
shown that, if G, be the torsional couple required to twist one end
of a blade of length ! cm. through ¢ radians relative to the other
end, and if n be the rigidity,

_16nab

G,= 3] % dyne-cm., ....oovuvininnnnn 1)

where 2q cm. is the width and 2bcm. the thickness of the blade.
From this equation n can be calculated, when the relation of G, to
¢ has been determined. In the following experiment the deter-
mination is made by a dynamical method.

Polished strips of tempered steel form suitable specimens for
this experiment and for EXPERIMENT 12. Since they are fairly
uniform in thickness, reasonably good measurements can be made
upon them. They have the further great advantage that they
may be subjected to considerable strains without sustaining any
permanent set. Steel strips can be obtained from the manu-
facturers in a great variety of widths and thicknesses, down to a
thickness of g} inch (000508 cm:). When not in use they should
be coated with vaseline to prevent rusting.

86. Determination of rigidity. The dynamical method of
EXPERIMENT 5 may be employed with a slight alteration in the
form of the inertia bar. The blade is clamped between two inertia
bars of rectangular section by the aid of three screws in the
manner indicated in Fig. 50. The central screw passes through
a hole in the blade but the other screws are sufficiently far apart
* to allow the blade to pass between them. A similar method of
clamping may be employed for the upper end of the bar; in this
case the bars between which the upper end of the blade is clamped
must be secured to a firm support. The edges of the blade must
be vertical and the axes of the inertia bars and of the clamping
bars must be horizontal.

For the reasons given in Note VII, the mass of each inertia bar
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should be determined before the screw holes are bored in it; for
convenience the masses should be stamped or engraved on the bars.

The length of the blade, I cm., between the clamping bars at
its upper end and the inertia bars at its lower end is measured by
ald of a centimetre scale, and the average width, 2¢ cm., of the

::—_//

/I
Vi 7
/IS @ e 7

Fig. 50.

blade is found from a number of readings taken with a pair of
sliding calipers. In measuring the thickness, 2b cm., at least 10
readings, at points fairly distributed over the blade, are taken with
a screw-gauge and the correction for the zero error of the gauge is
applied, with its proper sign, to the mean of the readings.

The lengths 2L, and 2L, cm. of the two inertia bars are then
found ; their widths 24, and 24, cm., measured at right angles to
the plane of the blade, are also determined. Let the masses of the
bars be M, and M, grammes. Then, if M, L, and 4, be nearly
equal to M,, L, and 4,, we may treat the inertia system as if it
were built up of two equal bars, each having the constants M, L
and A4, where

M=3U+ M), L=3(Li+ L)), A=} (4, + 4y

The moment of inertia of one of these bars about an axis
through its centre of gravity parallel to the axis of the blade is, by
Note IV,§ 6, L M(L*+ A?). The distance between these two axes
is A 4+ b and hence, by the theorem of parallel axes (Note IV, § 3),
the moment of inertia of each bar about the axis of the blade is

LM (L*+ A%) + M(A + b2
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Taking account of both bars, we see that, if the moment of inertia
of the inertia system be K grm. cm.?

K=2MGL*+ 447+ 240 + b°).
In practice the last two terms in the bracket will be negligible
in comparison with ¥ Z* and thus we may write

K=3M(L*+4A4%grm.cm? ............... (2)

To complete the observations, the periodic time of the vibrations
of the inertia system about the vertical axis of the blade must be
determined ; the arc of vibration should be small, since the theory
of Chapter II, §§ 42 to 45, is only applicable to very small values
of the twist per em. At least two observations of the periodic
time are made exactly as in EXPERIMENT 5, to which the reader is
referred. Let the periodic time be 7' seconds.

By Note III, § 2, the angular acceleration of the inertia system
is equal to (/K and hence, by (1), has the value

16nab® o
—37¢ radians per sec. per sec.
Hence, by Note V, § 2, the periodic time is given by

27
Vangular acceleration for one radian

3K
=27 \/ 16 nab’ seconds.

Hence we obtain

el

2
~dab T
From this equation the rigidity is determined.

n dynes per équare (8035100 BRGIIRARC B o 3)

87. Practical example. The observations may be entered as in the
following record of an experiment on a blade of tempered steel.

Length of blade under torsion =7=>58-07 cm.

The thickness was measured by a screw-gauge at 11 equidistant points
along each of two lines parallel to the edges of the blade, the distance
between each line and the nearer edge being about one-third the width of
the blade. The following pairs of readings were obtained ; they are expressed
in hundredths of a centimetre.

l 466 470 l 468 467 466 I 470
4-80 478 479 475 474 478
470 466 471 4'68 466 mean 4'680x10-2 cm.
l 4-81 477 l 4-80 481 4-80 ‘ mean 4-784x10~2 cm.
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The mean of the two means is 4'732x10~2 cm. ; the zero correction
008 x 10~2 cm. is to be added.
Hence thickness=2b=4'812x10-2cm. Thus =2406 x10-2 cm.
Readings of sliding calipers on blade
506, 505, 506, 505, 502 502
501, 502 505 506 506 Mean 5042 cm.
Zero error negligible.
Hence width=2a=5'042 cmi. Thus a=2-521 cm.
Masses of inertia bars: M;="796, M;=796. Hence M =796 grammes.
Lengths of inertia bars: 2L;=6000, 2L,=60-00. Hence L=3000 cin.
Widths of inertia bars: 24,=2'52, 24,=2'52. Hence 24 = 2 52 cm.
Moment of inertia of system=A=3M (L2+44%)
=%x%796 (900 +6°4)=4'810x 10% grm. cm.?
Time of 50 complete vibrations: 1286, 1288, 128:7. Mean 128-7 secs.
Hence 7'=2-574 secs.
Thus, by (3)
3r2K  3mw?x58:07x4810x 10°
4ab3T? 4 x 2:521 x 0024063 x 25742
=8887 x 10! dynes per square centimetre.

Rigidity=n=

On account of the uncertainty as to the thickness of the blade, this result
is uncertain to the extent of 4 or 5 per cent. The figures yielded by the
logarithmic computation are, however, retained for use in connexion with
ExPERIMENT 12.

EXPERIMENT 12. Determination of Z/(1 —¢°) by the uni-
form bending of a blade.

88. Introduction. The uniform bending of a blade has been
discussed in Chapter II and in § 37 of that chapter it is shown
that, unless the bending be very slight, the bending moment, G,
required to bend the blade so that the longitudinal filaments have
a radius p cm., is given by

dab’E
=3 =c0
where 2a cmn. is the width and 2b cm. is the thickness of the blade.
Further, £ is Young’s modulus and ¢ is Poisson’s ratio.

Equation (1) is not sufficient by itself to determine either &
or o, but if we use it in connexion with the equation (1) of
§ 85, viz.

dynezem., . 8 s L ¢H)

16nab*d

o

dyne-cm.,
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which refers to the torsion of the blade and with the equation (11)
of § 19, Chapter I, viz.
B — 21 (T G)) T e el e e e Sl e o (2)

which expresses the relation between Poisson’s ratio and the two
elastic constants £ and n, we have sufficient equations to deter-
mine the three quantities £, n and o.

89. Apparatus. The relation between (,, the bending
moment, and p, the radius of curvature of the longitudinal fila-
ments, may be investigated by the method of EXPERIMENT 6, if we
introduce slight modifications rendered necessary by the flexibility
of the blade.

;L;,J LQJMY

Fig. 51.

The blade AB (Fig. 51) rests symmetrically upon the knife-
edges O, D, which are set at right angles to the length of the bed
XY. The distance between the knife-edges should be adjusted so
that the part of the blade between them is as nearly as possible
straight when the blade is unloaded. When this adjustment is
secured, it will be found that the distance between the knife-edges
is approximately half the whole length of the blade*.

* It is easily seen that the bending moment at the centre of the unloaded blade
is zero when the distance between the knife-edges is half the whole length of the
blade. It can be shown that the centre of the blade is then raised above the level
of the knife-edges by 7/80, where h is the depression at the centre when the blade is
supported at its ends. If the adjustment be such that the centre of the unloaded
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The deflexions of the central point O are observed by aid of the
scale S, the point of a bent needle serving as an index. A telescope
may be used to magnify the scale and to avoid parallax.

The curvature may also be determined by the mirror method
(EXPERIMENT 6, §67). In this case the curvatures employed may
be smaller than when a needle-point and scale are used.

The pans for carrying the weights may be hung from threads
which pass, at H and K, through the holes drilled in the blade to
accommodate the central clamping screws (Fig. 50) used in Ex-
PERIMENT 11. The threads may be secured to the blade by small
pieces of wax W, W (Fig. 51) and should be provided with light
hooks to carry the pans. It is convenient to adjust the mass of
each pan to some definite value, say 10 grammes.

The length AB is limited by the condition that the blade
should not bend much under its own weight and hence the curva-
ture must be considerable if the deflexion of the central point O is
to be large enough for accurate observation with simple apparatus.
But, when the blade is bent, the horizontal distance between the
threads is less than when the blade is straight and thus a correction
becomes necessary. To determine this correction, two horizontal
scales T, 1" are placed close to the threads and the scale-readings
of the threads are taken for each load. The zero readings should,
strictly, be taken when the threads carry no loads, but the threads
would not be straight under those conditions, and thus the readings
obtained when only the pans hang from the threads are treated as
the zero readings; the horizontal displacements of the threads due
to the pans alone are negligible.

On account of the bending, the blade must slide slightly on
the knife-edges, and small differences in the friction between the
blade and the knife-edges will be sufficient to cause the horizontal
movement of one thread to differ from the horizontal movement of
the other. The difference may be reduced, if necessary, by moving
the blade through a small distance parallel to its length.

blade is at the same level as the knife-edges, the theory shows that the distance
between the knife-edges is 6 —,/30 or -5228 times the whole length of the blade.
The radius of curvature at the centre of the blade is then 3R/(0-5228 - }) or 21-9R,
where R is the radius of curvature at the centre when the blade is supported at its
ends. It is impossible to secure entire freedom from bending.
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90. Determination of £/(1-¢%). It follows from §66, equa-
tion (1) (EXPERIMENT 6), that, when the horizontal distance of each
thread from the nearer knife-edge is p cm., the bending moment,
G,, due to equal loads of M grammes hung from the threads is
given by

G,= Mpg dyne-cm. saosococoobooab{S)

On account of the unequal sliding of the blade on the knife-edges,
the horizontal distances of the threads from the corresponding
knife-edges are not quite equal. But, since the difference of
distance is small, it will be sufficient to treat the system as
symmetrical and to use for p in equation (3) the average distance
of a thread from the corresponding knife-edge. If the distance,
measured on the straight blade, between the points from which the
threads are hung, be 2¢ cm., and if the displacements of the threads
from their zero positions towards the knife-edges, as measured by
the scales 7', 7, be ¢, and ¢, cm., the value of p is given by

P=g—=l=Fh4b), o, (4)

where 2! is the distance between the knife-edges. It is supposed, of
course, that the system is symmetrical when the pans are unloaded.

The zero reading on the scale S is taken when only the threads
and hooks hang from the blade. The pans are then hung on and
a reading is again taken. The observations are continued for a
series of loads in the pan, and readings are taken and recorded
both for increasing and for decreasing loads. The difference
between the mean of the two readings for a given load and the
mean reading when only the threads and hooks hang from the
blade is taken as the elevation of the central point due to that
load. The readings of the threads on the horizontal scales are
taken for each load, and the value of ¢, for a given load is calculated
from the mean of the two readings of the corresponding thread for
that load, and similarly for ¢,

The equation connecting P the radius of curvature, with A, the
elevation of the central point, is

h(2p—h)=1P
2

or p= %L + g, ........................... (5)

where 21 is the distance between the knife-edges.
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In EXPERIMENT 6, we could neglect }& in comparison with
1*/2h, but in the present experiment the student should examine
the relative magnitudes of the quantities so as to be able to decide
whether the term }h may be neglected or whether it must be
retained.

The thickness and the width of the blade are measured exactly
as in EXpERIMENT 11. If that experiment has been already per-
formed upon the same blade, it will not be necessary to re-measure
the blade.

From (1) and (3) we have

E  3Mppg

1-g*  4dab®

and thus the values of Mpp found by experiment may be expected
to be nearly constant. The mean of the values obtained for the
series of loads is calculated and from it the value of E/(1—0?)is
found by equation (6). If there be serious irregularities, the
graphical method described in § 66 (EXPERIMENT 6) should be
employed.

dynes per square cm., ............ (6)

' 91. Calculation of £ and of o. Let the value of E/(1— o)
obtained from (6) be denoted by J, so that

E
el
Substituting for £ from (2), we have
2n
1—0:J
or o=1- 27_n ........................... )

Using this value of o in (2), we obtain
n
E=4n (1 ’ 7). ........................ (8)

On comparing equation (3) of §86 with equation (6) of §90, it
will be seen that n/J and, therefore also, o are independent of the
values adopted for the width and thickness of the blade.

92. Practical example. The observations may be entered as in the
following record of an experiment made upon the blade of tempered steel
used in the experiment of § 87.
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Mean width of blade=2a=>5'042 cm. Thus ¢=2-521 cm.

Mean thickness of blade=2b=4'812x10~2cm. Thus b=2406x 102 cm.

These values are those used in § 87.

Distance between knife-edges=21=330 cm. Thus /=165 cm.

Distance between the points of support of the threads when the blade is
straight =2¢=>5940 cm. Hence ¢=29'7 cm.

Hence, by (4), p=297—16"5—1(t; +4)=132—4(¢; + &»).

The readings for the elevation, 4, for increasing and decreasing loads
were taken on a scale divided to half-millimetres. The masses of the pans
(10 grammes each) are included in the loads. The student must record the
two readings for each load and also the readings of the threads on the
horizontal scales. ’

|
igl;‘(gg Elev}?tionj ‘% ' céks crgls tl;t? cr];s %D
i cms. | cms. | - ’ cms. © | grm. cm.?
| Fo S
10 | 0175 | 7780 | 01 7781 | 0015 | 1318 | 1026
20 | 0360 | 3782 | 0.2 | 3784 | 0045 | 1316 996
30 | 0540 | 2512 | 03 | 2515 | 0070 | 1313 991
40 | 0715 l 1904° | 04 | 1908 | 0155 | 13:04 995
0 (RO e g e 998
60 1-060 | 1284 | 05 | 1289 | 0255 | 1294 1001
70 | 1215 | 1120 | 06 | 1126 | 0-340 | 1286 | 1013
80 1-370 [ 994 | 07 100-1 0-425 12-77 1023
|

Mean value of 145 Mpp=1005 grm, ecm.2 Thus Mpp=1-005 x 10° grm. cm.?
Hence, by (6),
E 3(Mpp)g 3x1-005x10°x 981
T—0o2~  4al® ~ 4x2521x002406°
=2°106 x 1012 dynes per square cm.

By the experiment of § 87 upon the same blade
n=_8887 x 1011 dynes per square cm.
But J=E/(1—0¢2)=2"106 x 1012 dyne cm.~2, and thus

n 8887 x 101
7= Fi06x 100 04220

Hence, by (7), we find for Poisson’s ratio,

5 ik 2_;‘=1 — 08440 =0-1560.
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Finally, by (8), we find for Young’s modulus

E=4n (1 - §)=4 x 8887 x 1011 (1 — 0-4220)

=2055x 102 dynes per square cm.

The value of & depends on the thickness of the blade and is uncertain to
the extent of 4 or 5 per cent. (see § 87).

ExpERIMENT 13. Test of Lord Rayleigh’s reciprocal
relations.

93. Introduction. Let forces be applied to any number of
points of a system formed of one or more rigid or elastic or fluid
bodies. The change of form of the system will, as a rule, be
accompanied by changes of temperature, according to the prin-
ciples of thermodynamics, and hence the work done by the forces
will be represented partly by potential energy due to the change of
height of the centre of gravity of the system, partly by the energy
of elastic strain and partly by the thermal energy corresponding to
the changes of temperature. Since the elastic constants depend
to some extent upon the temperature, the final change of form will
depend upon the manner in which the thermal energy is dealt with.
But there will be a definite relation between the forces and the
change of form in two cases, which we shall call adiabatic and
isothermal.

In the adiabatic case, the heat which appears in each part of
the system is supposed to remain there and not to escape to other
parts of the system or to the surrounding bodies by conduction or
radiation. It is obvious that it is impossible to secure these con-
ditions in practice when we wish to study the change of form of
the system due to the steady application of the forces.

In the isothermal case, the temperature is supposed to be main-
tained constant at every part of the system while the form of the
system is changing. This condition can be approximately secured
in practice by applying the forces so gradually that conduction and
radiation prevent any appreciable changes of temperature.

In the adiabatic case, the changes of form will depend upon the
adiabatic values of the elastic constants, but in the isothermal case
upon the isothermal values. The results of Chapter I, § 22, show
that, for given forces, the changes of form will be nearly the same
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in the two cases, if we are dealing with metals, but in the
theoretical discussion the distinction between the two cases will
be maintained.

We now pass on to consider the action of two sets of forces.
We shall suppose that one set is first applied and that the other
set 1s afterwards superposed.

In the adiabatic case, the changes of form which the second set
produces, and also the accompanying changes of temperature, will
be independent of the effects already produced by the first set of
forces, provided these latter effects be small enough. Hence we
may say that the final change of form is the resultant of those due
to the two sets of forces acting separately, and that the change of
temperature at any point of the system is the resultant of the
changes which occur there when each set of forces acts separately.

In the isothermal case, the change of form, which the second
set of forces produces, will be independent of the change already
produced by the first set, provided that the latter change be small
enough, and thus the final change of form is the resultant of those
due to each set of forces acting separately. Further, the heat
which must be given to any elementary volume of the system to
keep the temperature constant, while the strain is changed, is
proportional to the change of strain and is independent of any
small strain already existing. Hence, the total amount of heat
given to the system to keep the temperature constant, while both
sets of forces are brought into operation, is the resultant of the
amounts required when each set acts separately.

Similarly, if the forces of the first and second sets are very
small, the effects due to a third set of small forces are independent
of the first and second sets.

In the following investigation the system is supposed to be
supported at a definite number of points by fixed supports, and
we shall study the effects due to a force X applied at a point 4 of
the system and a force Y applied at a point B. In addition
to these forces, gravity will act upon the whole system. The
forces X and ¥ and also the earth’s attraction will call into play
corresponding reactions at the points of support. When the
changes of form due to gravity are small and the forces X and ¥
are small, the change of form due to X will be proportional to X
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and will be the same as if neither gravity nor ¥ acted. Similarly,
the change of form due to ¥ will be proportional to }"and the
same as if neither gravity nor X acted.

94. Work done by forces. Let the forces X and Y, which
act at A and B, have definite directions, and let # and y be the dis-
placements of A and B measured in the directions of X and Y from
the positions of those points when X and Y are both zero and
gravity continues to act. Then, by the generalised form of Hooke’s
law, by which the effects of each force are proportional to the force
and independent of the other force and of gravity,

B=@AX b @Y)  ocasconacooocoonasooeaacs (1)
g= X+ b¥. .l (2)

Here a, b, ¢,, ¢, are four constants which have one set of values in
the adiabatic case and another set in the isothermal case.

We shall now consider two methods of applying the forces X
and Y and shall caleulate the work done by them in each method.

In the first method, the force at A4 is applied gradually, starting
from zero and reaching its full value X, while the force at B is
zero. At the end of this operation, the displacement of 4 is aX
and that of B is ¢,X. The work done by the force at A during
this stage is the product of the average force and the final
displacement of 4 and thus is 3aX?; no work is done at B for
the force there is zero. The force at B is now gradually applied,
starting from zero and reaching its full value ¥, while the
constant force X continues to act at 4. The displacement
of A now increases from aX to aX + ¢, Y and that of B from
X to ;X +bY. The additional work done in this stage by the
constant force X is ¢, YX, and the work done by the increasing force
applied at B is the product of the average value of that force and
the displacement bY, and is, therefore, $6¥2 If the application of
the forces X and Y causes the centre of gravity of the system to
descend through a distance %;, the work done by gravity is Mgh,,
where M is the mass of the system. Hence, if W, be the total work
done by the forces and by gravity, we have

Wi=40X2 + XY + $bY2 4+ Mgh,. ............ (3)
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In the second method of applying the forces, the order of the
application of the forces is simply reversed. If the work done be
W,, we find in a similar manner

W,=3}aX?+ . XY +3bY2 4 Mgh,, ............ (4)

where #, is the distance through which the centre of gravity has
descended.

These relations hold good in both the adiabatic and the iso-
thermal cases, though the four constants a, b, ¢,, ¢, have different
values in the two cases.

When the adiabatic condition prevails, no heat enters or leaves
any part of the system, and therefore W, and W, are the amounts
of energy gained by the system when the forces X and Y are
applied in the two methods. But, by §.93, the strain and the
temperature at every point of the system are independent of the
order of application of the forces, and thus the final state, and there-
fore the final energy, of the system, must be the same in the two
cases. Since the strain is the same, the centre of gravity descends
through the same distance, and thus h, = h,, and then, since the
energy is the same, it follows, from (3) and (4), that ¢, =c,.

When the isothermal condition prevails and every part of the
system 1is always at a constant temperature, heat must enter or
leave the system in order to keep the temperature constant, and
hence we cannot now say that W, and W, are the amounts of energy
gained by the system when the forces X and 1" are applied in the
two methods. But, if ¢, and @, be the amounts of heat given to
the system and E, and E, be the energy gained by the system,
when the forces are applied in the two methods, we have

E = W,+Q=3aX?+ XY + §b¥2 + Mgh, + Q,, ...(5)
Ey= W, + Q.= 3aX* + ,.X Y + }bT2 + Mgh, + Q,. ...(6)

Now, by § 93, the final strain at every point of the system is inde-
pendent of the order of application of the forces, and thus the
order of application does not affect either the energy of elastic
strain or the motion of the centre of gravity. Hence k, =h,. Again,
by § 93, the heat given to the system to keep the temperature
constant is independent of the order of application of the forces,
and thus @, = Q.. Since both the energy of elastic strain and
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the heat given to the system are independent of the order of
application, so is also the total gain of energy. Hence K, = E,.
But 4, =h, and @, =@, and thus, by (5) and (6) ¢, =c,.

Since, in both the adiabatic and the isothermal cases, ¢, = c,,
we may write

R ©)
and thus the work done by the forces (not including gravity) is
W=1%aX?+cXY +3bY% ..o, (8)

and is independent of the order of the application of the forces.
We can now write the relations connecting the forces with
the displacements in the forms

o SRR (11)
—crx+a
=== :?31. ........................ (12)

From the equations connecting X and Y with # and y
Lord Rayleigh* has deduced three reciprocal relations.

95. Lord Rayleigh’s reciprocal relations. The displace-
ment of B produced by a force X applied at 4 is, by (10),

the suffix y_, indicating that no force is applied at B.
Similarly, the displacement of 4 produced by a force ¥ applied
at B is, by (9),
55l S Lo et st e TP PGSR (14)
Hence, when X in (13) is equal to Y in (14), we have ox_o= yy_,.
The result may be stated in words as follows:

* Philosophical Magazine, xuviir, p. 452 (1874), or Scientific Papers, Vol. 1,
Art. 32.

8. E. E. 10 -
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First reciprocal relation. The displacement of B due to a
force applied at 4 is equal to the displacement of 4 due to an
equal force applied at B.

A second relation follows from (11) and (12). If a displace-
ment z be given to A, the force required to hold B at rest, so that
y=0, is, by (12),

and similarly, if a displacement y be given to B, the force required
to hold 4 at rest, so that z= 0, is, by (11),

Xoco=—cyllab—c®. .oovriiinni.n. (16)

Thus, when  in (15) is equal to y in (16), we have X o= Y,
The result may be stated in words as follows:

Second reciprocal relation. If the point 4 be held fixed, while
B receives a displacement, the force required at A is equal to that
required to hold B fixed when A4 receives an equal displacement.

A third relation may be deduced from (9) and (10). Let Y,
be the force which must be applied to B to keep it at rest, so that
y=0, or, in other words, let — ¥, be the reaction at B when X
is applied at 4. Then, putting y =0 in (10), we have

=Yy _¢

x5 S e 1)

Now let X be removed and let a force ¥ act at B. Then, putting
X =0 in (9) and (10), we see that the displacements of 4 and B
are connected by the relation

Tx—p (4]
T 18
St (18)
Sndd bl by (1), P Sl 3L (19)
Yy=0 X=0

The result may be expressed in words as follows:

Third reciprocal relation. When a force is applied at 4, and
B is held fixed, the ratio which the reaction at B bears to the force
at A is equal to the ratio which the displacement of 4 bears to
the displacement of B, when a force acts at B while 4 is free from
force.



111] RAYLEIGH'S RECIPROCAL RELATIONS 147

It must be remembered that, as was specified in § 94, the
displacements # and y are measured in the directions of X and ¥
respectively. They do not necessarily represent the total displace-
ments of 4 and B.

96. Apparatus. The first and third reciprocal relations may
be tested by experiments made on a long steel rod. It is im-
portant that the rod should be long, in order that fairly large
displacements may be obtained without straining the rod beyond
the elastic limit. The rod rests on two knife-edges C and D
(Fig. 52) fastened to a stout bed. If the rod be round, it may be

&

[E ® AE—L BE—I DF
) ;
L \/D\/ L
Fig. 52.

prevented from rolling by the device described in § 65. To make
the arrangement available for testing the third reciprocal relation,
masses M and N, each of two or three kilogrammes, are suspended
from two points £ and F on the rod close to the knife-edges.
Pans are attached to the rod at A4 and B by hooks and strings.
For testing the first relation both pans hang below the rod. For
testing the third relation, the string carrying one pan passes over
a pulley, care being taken that the part of the string between
the hook and the pulley is vertical. To avoid errors due to friction,
the pulley should be fitted with ball bearings, and the string
should be flexible; plaited silk fishing line is suitable for the
purpose. Pins are attached by wax to the hooks at 4 and B,
and the displacements of these pins are found by means of two

10—2
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finely divided scales, which may conveniently be read by the aid
of telescopes arranged to magnify them.

The apparatus is not well adapted for testing the second
relation. When the B-pan is empty, a load of (say) a kilogramme
at 4 will give that point a displacement large enough to be
measured with some accuracy. But, if B be now brought back to
its zero position by loads placed in the B-pan, the string passing
over the pulley, it will be found that the displacement of A is
greatly diminished. In the experiments described in § 99 the
residual displacement was too small for accurate measurement.

Each pan produces a small displacement of 4 and B, but, if
the pans remain in position during the experiment, these displace-
ments are constant and the displacements due to the loads placed
in the pans are simply added to these constant displacements.
Hence we may neglect entirely the weights of the pans, provided
the displacements due to the added loads be reckoned relatively to
zero positions found when both the empty pans hang from the rod.

The positive directions of the forces X and ¥ will be taken to
be vertically downwards ; by § 94 the positive directions of x and
y are also vertically downwards.

97. Test of first reciprocal relation. When the first
relation is to be tested, both pans hang directly from the rod.
The mass in the 4-pan is increased from zero by equal steps, the
B-pan being empty throughout, and the scale readings of 4 and
B are taken at each stage. The B-pan is then loaded by equal
steps, while the 4-pan remains empty and the scale readings of
A and B are again taken.

It will be found that the displacement of B due to any load at
A is very nearly equal to the displacement of 4 due to an equal
load at B, and thus the first reciprocal relation is verified.

From the first set of observations we obtain zy_,, and ¥y,
the displacements of A and B due to the force X at 4, and from
the second set of observations we obtain zx_, and yx_,, the dis-
placements of 4 and B due to the force ¥ at B. From these
quantities we can find ¢, b, ¢, and ¢;. For, by (1) and (2),

Zy—o p=dx=0 _ Tx=0

Tr, e, a=T, L)

Co = X

a=
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Each value of zy_, in the first set of observations is divided by
the corresponding force X and the mean value of (zy_,)/X is used
for finding @. Similarly the mean value of (yx_,)/Y gives b. The
mean value of (zx_,)/Y gives ¢, and the mean value of (yy_,)/X
gives ¢,. The agreement between ¢, and ¢, furnishes a test of the
principles of energy employed in § 94. The mean of ¢, and ¢, may
be taken as the value of c.

98. Test of third reciprocal relation. When the third
relation is to be tested, the A-pan hangs directly from 4 but the
string supporting the B-pan passes over the pulley. The mass in
the A-pan is increased by equal steps and at each stage the load
in the B-pan is adjusted until the scale reading of B is identical
with the zero reading obtained when both pans are empty. Instead
of attempting to make an exact adjustment of the load, we may
take readings for two loads, one a little too great and the other a
little too small, and may obtain the required load by interpolation.

The force due to the load in the A-pan is X,_,; since the
string supporting the B-pan pulls the rod upwards, the weight of
the load in that panis —Y,_,. The value of —V,_,/X,., is found for
each load in the A-pan and the mean value is used for calculating
/b by the equation

Cofb= = Yyo/ Xy cevevivnennniniinian. (21)
which is derived from (2).

The experiments of § 97 give corresponding values of zy_, and
Yx=o. From these the value of zx_,/yx_, is found for each load in
the B-pan and the mean value is used for calculating c,/b by the

equation .
Cllb _xX_O/yX=0, ..................... (22)

which is derived from (1) and (2).

The agreement between the values of ¢,/b and ¢,/b furmshes a
test of the principles employed in § 94.

The pulley is now moved and the string supporting the A-pan
is made to pass over it, while the B-pan is hung directly from B.
A second set of observations is then made in which 4 is kept at
rest. The mean value of — X,_,/Y,., derived from these observa-
tions is used to find ¢,/a by the equation

AT TS RN (23)
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and this value is compared with the mean value of ¢,/a derived
from the experiments of § 97 by the equation

Cof@ = YpoofTyage cerereriinienianinnnn (24)

99. Practical example. The observations may be entered as in
the following record of experiments made by G. F. C. Searle upon a steel rod
096 cm. in diametér and 160 cm. in length. The rod was supported on two
knife-edges 140 cm. apart, and a mass of two kilogrammes was hung from
each end of the rod as in Fig. 52. The point 4 was midway between the
knife-edges, while B was 233 cm. from 4. Secales divided to 35 cm., on the
sliders of two slide rules, were used in measuring the displacements and the
readings were taken to ;35 cm. by aid of two telescopes. To avoid unnecessary
complication, the forces were not measured in dynes but in terms of the weight
of a kilogramme.

Test of first reciprocal relation. In the following tables, only the displace-
ments, expressed in centimetres, are given, but the student must record
all the readings and deduce the displacements from them.

Table 1. Table 2.
H E
S [
E Tyeo Yy—o Ly—o Y /=0 E Ty Yx-o Txo y.x_:o
b cm. cm. X X 5 cm. cm, Y Y

05 [ 0330 | 0°275 | 0°660 | 0-550 | 05 | 0-270 | 0255 | 0540 | 0°510
10 | 0665 | 0°565 | 0665 | 0:565 | 10 | 0:565 | 0-520 | 0565 | 0520
15| 1005 | 0:845 | 0670 | 0563 } 15 | 0:845 | 0775 | 0-563 | 0-517
2:0 | 1-340 | 1130 | 0670 [ 0-565 | 20 | 1120 | 1030 | 0-560 | 0515
2:5 1 1665 | 1'410 | 0°666 | 0-564 | 25 | 1415 | 1:305 | 0:566 | 0-522
30 {1995 | 1-695 | 0665 [ 0°565 § 30 | 1°695 | 1560 | 05665 | 0-520
Means 06660 0°:5620 Means 0°5598 0-5173

The agreement between y, . and z,_, is satisfactory, the greatest
difference being 001 cm. By (20), we find for the coefficients
a=06660, b=05173, ¢;=05598, ¢c;=05620 cm. per kilo. weight.

Hence ¢; and ¢, do not differ by as much as one part in two hundred and fifty.
Taking the mean, we have

C=% (01+02)= 0’5)609.
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Table 5. Table 6.
} y=0 =0
Ky | o Y=o
kilo. weight 1% -Y, kilo. weight S ~X.,
kilo. weight| ~ kilo. weight | "y
i | ——
0500 } - 0520 1-040 0-5600 —0420 0840
1000 | -1-100 1°100 1-000 —-0-850 0-850
1500 - 1620 1-080 1-500 - 1-270 0-847
2+000 -2:170 1085 2000 —-1720 0-860
2:500 —2:720 1-088 2-500 —-2140 0856
Mean 1-0786 Mean 08506

Thus, by (21) and (23),

Fwe N L=

From the mean values given in tables 3 and 4, we find, by (22) and (24),

Gl :_Y_V=0__1-0786, AL _‘_Yxi" = 0'8506.

£z
Cb_x = X=0_1.0893 %_Y¥=0_ 08440,
X=0 @ Ty

The difference between ¢;/b and ¢,/b is about one part in 300 and the
difference between ¢;/a and ¢y/a is about one part in 130.

EXPERIMENT 14. Measurement of the energy dissipated
through torsional hysteresis.

100. Introduction. When a copper wire is subjected to
gradually increasing torsion, the torsional couple is at first pro-
portional to the twist, according to Hooke’s law, but, as the twist
is increased, the torsional couple fails to keep pace with the twist,
and the ratio of the couple to the twist diminishes. If at any
point in this later stage, we begin to reverse the twist, the torsional
couple for a given angle is less during the untwisting than during
the twisting, and hence less work is given out by the wire during
the untwisting than was spent upon it during the twisting. If,
starting with an untwisted wire, we first twist one end through
an angle + 6, relative to the other, then reverse the motion till
the twist is — 0, and again reverse the motion till the twist is
+ 60,, we shall find that the torsional couple when + 8, is reached
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for the second time, differs from the couple when + 6, was reached
for the first time. But if we subject the wire to many cycles of
twisting and untwisting between the limits + 6, and — 6,, we shall
find that it settles down to a condition in which the couples called
into play by the twists + ¢, and — 6, have definite values, and that
the couple called into play by any intermediate twist €, has two
definite values, one corresponding to the passage from + 6, to — 6,
and the other to the passage from — 6, to + 6,. When this con-
dition is reached we say that the wire is in a cyclic state.

When the angle of torsion is large, there is a viscous yielding
of the wire. Thus, if one end of the wire be suddenly twisted
through a large angle relative to the other end, the torsional
couple will not retain the value it has on the completion of the
twist, but will diminish, at first rapidly and then more slowly, until,
after some minutes, it has reached a steady value.

The viscous yielding of the wire makes it impossible to reach
a steady state with cycles of torsion unless each cycle is performed
in exactly the same manner, so that the time of passage from one
angle to any other is the same for every cycle. Further, the work
spent in taking the wire through a cycle with the given limits
+0, and —6, will depend upon the speed at which cycles are
performed.

When the cyclic state has been established, the twist will be
related to the couple in the manner indicated in Fig. 53, where it

Couple | Y ‘B

Fig. 53.

will be seen that the twist lags behind the couple. Thus, as we
pass from B to B’ the couple vanishes at C, but the twist does not
vanish till we reach D. This lagging of the effect (the twist)
behind the cause (the couple) has been called hysteresis by Ewing.
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The phenomenon of hysteresis occurs in many other instances, one
of the most important being the cyclical magnetisation of the
magnetic metals. In the case of soft iron the resemblance is
made specially close by the existence of magnetic viscosity.

101. Energy dissipated per cycle. We shall now show
how to calculate the work spent in taking the wire through a
cycle of torsion. At any time, when the twist is 8 radians, let the
couple be G dyne-cm. Then, when the twist increases by d#é, the
couple does (’d@ ergs of work*. If P, P’ (Fig. 53) be two points
on B’D’B corresponding to 8 and to 8 + d#d, this work is represented
by the number of units of area in the strip PP'N’N, provided
that unit length along OX represents one radian and that unit
length along OY represents a couple of one dyne-cm. If Q, @ be
the points on BDB’ corresponding to the same angles, the angle
dimanishes by d@ as we pass from @’ to @, and hence the wire gives
out work represented by QQ'N'N. The resultant quantity of
work spent upon the wire during the two changes is therefore
represented by the area of the strip PP'Q’Q, and hence, if the
_work spent upon the wire during the complete cycle be W ergs,
W is represented by the whole area BDB'D’.

In practice it would be inconvenient to plot the couple
(measured in dyne-cm.) and the angle (measured in radians) upon
the same scale. We shall therefore suppose that the scales are so
chosen that one em. (or one inch, if the squared paper be ruled in
inches) along OX represents p radians, and that one cm. (or one
inch) along OY represents ¢ dyne-cm. Then the angle dé is
represented by df/p cm. (or inches) and hence the distance NN is
df/p cm. (or inches). Similarly, a couple G dyne-cm. is represented
by G/q cm. (or inches) and thus the distance PN is G//q cm. (or
inches). The area of the strip PP'N'N is Gdf/pq square cm.
(or square inches) and hence the work Gd# is pq times the area of
the strip. Thus the work done during the cycle is now pq times
the area of the whole curve or, in symbols,

oot i BRI i 7 oo v smispivn v 3ite o g 1

where A4 square cm. (or square inches) is the area of the curve as
drawn on the paper.
* See Note VIII, equation (2).
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The resistance to torsion of the wire D is so much greater than
that of the copper wire that the couple exerted by the copper wire
is unable to twist D beyond the elastic limit, and hence the angle
turned through by the rod C is proportional to the torsional couple.
Thus, if we measure the angle turned through by €' and know the
couple required to give D a twist of one radian, we can at once
calculate the torsional couple.

The angle turned through by C is negligible compared with
that turned through by the torsion head, and thus we may regard
the latter angle as measuring the twist for the copper wire.

The angles turned through by C' may be observed by aid of a
mirror M attached to C' and of a lamp and scale, or of a telescope
and scale. If the distance of the scale from the mirror be d cm.
.and if the spot of light or the cross-wire of the telescope move
over x cm. along the scale, when ' turns through ¢ radians from
the position corresponding to zero couple, then, for small angles,

¢ =x/2d radians. ............ccoeunennen. (2)

In some cases it may be more convenient to measure the
angles by means of a long pointer attached to C and moving over
a horizontal scale. If the length of the pointer, measured from
the axis of the wire, be & cm. and if the angle ¢ correspond to a
displacement of # cm. along the scale, then, for small angles,

¢ = z/h radians.

The couple required to give D a twist of one radian is easily
found by a dynamical method. An auxiliary wire 40 to 50 cm. in
length is cut from the same specimen as D and its ends are soldered
into two short rods. Ome of these rods is held in a suitable firm
clamp so that the wire is vertical and the other rod is secured to
an inertia bar, exactly as in Fig. 33. The periodic time, 7' seconds,
of the torsional vibrations of the bar is observed, and the moment
of inertia, K gramme cm? of the inertia bar is calculated from
its mass and its dimensions exactly as in EXPERIMENT 5, § 63.

Let the free length of the auxiliary wire be I cm. and let that
of the wire D be a cm., and suppose that the couple required to
give D a twist of one radian is u dyne-cm. Then the couple
required to give the auxiliary wire a twist of one radian is
pa/l dyne-cm. and hence, by Note III, § 2, the angular accelera-
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tion of the inertia bar when its displacement is one radian is
pa/lK radian sec. Hence, by Note V, § 2,

T = 27 (angular acceleration for one radian)~% =27 (na/lK)~%.

4l K
Thus B e v e 3)

Hence, if G dyne-cm. be the torsional couple corresponding to a
deflexion of @ cm., when a lamp and scale is used, we find, by (2)

d (3
) pur  2m K
G = [.L¢ = ﬁ = m? &€ dyne-cm. ............ (4:)

103. Experimental details. Since simultaneous readings
of the torsion head and of the spot of light are required, two
observers are necessary. The torsion head is first turned into its
zero position and the clamping screw R is slackened to free the
wire from any torsional couple, and the screw is then tightened.
The mirror, the lamp and scale and the focussing lens are then
adjusted so that a sharp image of a cross-wire is formed on the
scale near its centre. One observer, who may conveniently sit on
a stool placed on the table, manipulates the torsion head while
the other observes and records the scale reading of one edge of the
image of the cross-wire. If a cycle with the limits + 200° and
— 2007 is to be studied, the torsion head is turned to + 200° and the
scale reading of the cross-wire is taken. The head is then turned
back to +160° and the scale reading is again taken, and this
process is continued by steps of 40° till —200° is reached. The
motion is then reversed and readings are taken at intervals of 40°
till +200° is reached. This constitutes the first cycle. But, to
eliminate initial effects, a second and a third cycle are performed
without any break in the process of observing. The cyclic state
will be more quickly reached if the wire be put through a few
cycles of twisting between + 200° and —200° before the obser-
vations are taken.

To avoid confusion during the observations, the observers
should prepare beforehand a blank table in which the readings
may be entered. The table, when completed, should be similar
to the table given in § 104.

When the wire is strained beyond the elastic limit, the couple
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it exerts is easily changed by vibration. The apparatus should
therefore be kept as free as possible from vibration while the
observations are in progress.

When the torsion of the wire is being increased in either
direction, viscous effects will be observed, and hence the obser-
vations should be made at roughly equal intervals of time, and the
readings should be taken immediately after the torsion head has
been moved.

It will probably be found that the readings obtained in the
third cycle are practically identical with those obtained in the
second cycle. If this be the case, we may consider that the cyclic
state has been established, and may use the readings in the third
cycle to determine the work spent per cycle. Since the area of a
hysteresis loop, such as is shown in Fig. 55, does not depend upon
the position of the origin, it will be sufficient to plot the scale
readings of the cross-wire against the readings of the torsion head,
without working out the actual deflexion for each reading.

Smooth curves are drawn through the points corresponding to
the two sides of the hysteresis loop and the area of the loop in
square cm. (or in square inches, if the squared paper be ruled in
inches) is then determined by the trapezoidal rule explained in
Note IX.

Since the scale readings of the cross-wire are taken at equal
intervals of angle, they may be employed directly in calculating
the area by the trapezoidal rule. The distance on the squared
paper corresponding to the difference of the two scale readings for
each reading of the head is found, and these distances are added
together and their sum is multiplied by the distance on the
squared paper corresponding to the step in angle. The result is
the area of the loop. A practical illustration is given in § 104.

If one cm. (or one inch) along the axis of angle correspond to
m degrees, it corresponds also to p radians, where

DTN hootessedocaoAdobadob (5)
and if one cm. (or one inch) along the axis of couple correspond to
a motion of the spot of light through n cm., it also corresponds to
a couple ¢ dyne-cm. where, by (4),

q= 20 R QA S A e S R e (6)
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Hence, by (1), the work spent per cycle is given by
W =pgd = “0aql: S8 e (M)

On account of the twisting of the stout wire by which the
couples are measured, the angle of twist of the copper wire is not
quite equal to the angle shown on the torsion head. The work
spent upon the two wires is correctly given by the area of the
loop if Hooke’s law holds good for the stout wire. But since the
stout wire is not strained beyond its elastic limit, the work spent
upon it during a complete cycle is zero, and thus the area
represents the work spent on'the copper wire in each cycle.

The student who wishes to pursue the subject should obtain
the hysteresis loops for a series of values for 6,, such as 50°, 100°...
and should then draw a curve showing how W depends upon 6,.

104. Practical example. The observations may be entered as in
the following record of an experiment made by Messrs G. F. C. Searle and
W. Burton upon a copper wire about 009 cm. in diameter and 365 cm.
in length. The wire, by which the couple was measured, was of brass and
about 0-18 cm. in diameter.

3

Head Scale Reading Scale Reading Scale Reading Dift
Reading First Cycle Second Cycle Third Cycle LUCTENCos
degrees centimetres , centimetres centimetres cms.

|
— — | {
+200 274 | 273 | 273 27-3 1 273 272 | 0 ;
+160 254 | 270 253 269 | 252 269 17 |

+120 235 I 26°6 23°5 26°5 234 26-4 30

+ 80 21-8 26-0 218 259 | 218 258 4-0

+ 40 20-4 I 252 204 . 252 204 252 4-8

0 19-4 24-4 193 | 243 193 24-3 50

— 40 18°4 232 184 23°2 184 232 4-8

- 80 17-7 I 218 Ty 21-8 177 21-8 4°1

—120 171 | 20-2 172 202 172 202 30

—160 166 | 184 167 184 16-8 184 1-6

-200 | 164 | 164 | 164 | 162 | 164 | 164 0

== - = sum=32-0
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Mass of inertia bar = #=820 grammes.

Length of inertia bar =2L=37-92 cm.

Width of inertia bar =24 =16 cm.

Moment of inertia of bar =K =}M (L2+ A2)=1820 (189624 0°82)

=984x10% grm. cm.2

Time of 50 complete vibrations 1262, 126:0. Mean 126-1 secs.

Periodic time =7'=1261/50=2522 secs.

Length of auxiliary wire ={=>51 cm.

Length of wire measuring couple =¢=98 cm.

Distance of scale from mirror =d=655 cm.

The torsional couple & is, by (4), connected with the deflexion x by the
equation :

G_erzl[f AT 2w2x 51 x 984 x 104

adT? 98 X655 x 2:5222

After the torsion head had been turned through two or three cycles with
the limits 4-200° and — 200°, the readings in the above table were taken.

The readings for the third cycle agreed so closely with those for the second

cycle that the third cycle was taken as closely representing the cyclic state of
the wire. In the third cycle there was a slight discrepancy between the two

2=2'43x10*xx dyne-cm. ...(8)

Scale readings (cm.)
* 285

N
g
//

18+5 /
o

—200° -100° 0 +100°  +200°

16:0

Readings of torsion head.

Fig. 55.






NOTE 1.

REDUCTION OF A GrROUP OF FORCES TO A SINGLE FORCE
AND A COUPLE.

Let any point O be taken as origin, let P be any other point, and let
a force F act at . Then apply to O (i) a force equal in magnitude to # and
in the same direction, and (ii) an equal force in the opposite direction. The
two forces of this pair are themselves in equilibrium and so have no resultant
effect. The three forces can be replaced by a single force /' acting at O in
the same direction as the force at P together with a couple formed by the
force at P and the remaining force at 0. Treating all the other forces of the
group in the same way, we see that the whole group is equivalent to a
number of forces acting at O and to a number of couples. The forces may
be combined into a single resultant force acting at O and the couples into a
single resultant couple. The resultant force is clearly the same as if all the
forces had acted at O in the first instance, but the magnitude of the couple
will in general depend upon the position chosen for 0.

NOTE 1L

D’ALEMBERT’S PRINCIPLE.

Suppose that any particle of a solid or fluid body has an acceleration
of fcm. sec.~2 and that the mass of the particle is m grammes. Then the
resultant of all the forces which act on the particle is the single force
mf dynes in the direction of /. This force is called the “effective force.”

The forces acting on the particle may be divided into two classes. The
first class comprises the forces due to external bodies, whether they be trans-
mitted by gravitational or electromagnetic action or are caused by the direct
contact of some external body. The second class contains all those forces
which act on the particle and are due to other particles of the body itself.
These forces may arise from gravitational or electromagnetic action or from
the direct contact with neighbouring particles. The resultant of these internal
forces is a single force R dynes acting on the particle m.
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But, by Newton’s third law, the forces on any two particles due to their
mutual action form a system in equilibrium*, and thus, when taken together,
they have no component in any direction and no moment about any axis.

Hence, for any given body, the whole group of internal forces forms a
system in equilibrium and gives rise to no force in any direction and no
couple about any axis.

Now, if the force on the particle m due to external bodies be P dynes, the
resultant of P and £ is the “effective force” mf. Hence the system of
applied forces and the system of internal forces are together exactly
equivalent to the system of effective forces. But the internal forces form
by themselves a system in equilibrium and therefore may be left out of
account. We thus arrive at the result known as D’Alembert’s Principle,
which may be stated as follows :—

The system of “ effective forces” is exactly equivalent to the system of applied
Sforces, the resultants of the two systems having equal components in any
direction and equal moments about any axis. (See Note I.)

Since the force mf dynes generates momentum in the direction of f at
the rate of mf dyne-sec. per second, it follows that the rate at which the
momentum of the whole body in any direction is increased is equal to the
component in that direction of the system of applied forces. The c.a.s.
unit of momentum is called a dyne-second because a dyne generates a unit
of momentum in one second.

Again, since the rate of generation of momentum in the particle m is
exactly represented by the force mf, the rate of increase of the moment of
momentum or of the angular momentum of the particle about any fixed axis
is exactly represented by the moment of the force mf about the same axis.
Since the whole group of internal forces has no moment about any axis,
it follows that the rate of increase of the angular momentum of the whole
body about any fixed axis is equal to the moment about the same axis of the
system of applied forces.

NOTE IIL

MotioN oF A RiciD Boby.

1. ACCELERATION OF THE CENTRE OF GRAVITY. Let us take a set of
rectangular axes fixed anywhere in space and let xy, 91,2 em., 22, 72, 22 cm. ...
be the coordinates at time ¢ of particles of masses m, mg... grammes. Then,
if £ 7, ¢ be the coordinates of the centre of gravity and M be the mass of the
system of particles,

‘ ME=35mz, Mn=3my, M{=3mz. ....ccceccceveerr.... (1)

* This statement is no longer true when one or both of the particles is the
source of electromagnetic radiation. In this case we have to consider forces acting
on the ether itself.

11—2
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If we denote by 4, the rate at which z; increases with the time, then 4, is the
velocity of the particle m; in the positive direction of the axis of . And if
i, stand for the rate of increase of #;, then #, is the acceleration of m, in the
same direction. Since, in the 0.6.8. system, time is measured in seconds, the
velocity is #; cm. sec.™® and the acceleration is # cm. sec.—2 We shall
extend this notation to the other coordinates. We then have, at once, for
the velocities

Mé=3smai, Mj=3Smg, M{=Smi, ...cc.ccovvm.... )
and for the accelerations
Me=>mz, Mi=Smj, ME=S%...ccorvrreenen.. (3)

Now, by Note II, m#, is the z-component of the effective force acting on
the particle ;. Since the whole group of internal forces has no component
in any direction, it follows that Smd is equal to the x-component of the whole
group of applied forces. If the three components of the resultant of this
group be X, ¥, Z, we have Sm# = X and similarly for ¥ and Z. Hence,
by (3) .. :

M= M BV oM G Z S e (4)

Thus ;‘-; i, £ have exactly the same values as if the resultant of the applied
forces acted on the whole mass collected into a single particle at the centre of
gravity of the system. In other words:—

The acceleration of the centre of gravity of any system is the same as if the
resultant of the applied forces acted on the whole mass collected into a single
particle at the centre of gravity.

If /7 dynes be the resultant force, f cm. sec.~2 the acceleration of the
centre of gravity, and M grammes the mass of the system,

F=Mf.

This result is true for all systems of particles and is therefore true in the
case of a rigid body.

2. ANGULAR ACCELERATION OF A RIGID BODY TURNING ABOUT A FIXED
Ax18. By Note II, the rate of increase of the angular momentum of any
system about a fixed axis is equal to the moment about the same axis of the
applied forces. When the system is a rigid body, the angular momentum
(Note IV, § 13) is Ao, where A grm. cm.? is the moment of inertia of the
body about the axis and o radians per sec. is its angular velocity. If the
rate of increase of o be a radians per sec. per sec., then a is called the angular
acceleration of the body. If the moment of the applied forces about the axis
be G dyne-cm,, it follows that

G=AKa,
since the quantity on the right side is the rate of increase of the angular
momentum Ko.
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NOTE TIV.

MOMENTS OF INERTIA.

1. DerinITION. As a knowledge of the moments of inertia of bodies of
some simple forms is essential in practical work in elasticity, we give a sketch
of the necessary propositions.

Let i, m; ... grammes be the masses of the particles of a rigid body and
let 71, 75 ... centimetres be their perpendicular distances from a straight line
or axis. Then the sum

my 2+ mered+...=3mr?

is called the moment of inertia of the body about the axis. We shall denote
smr? by K.

A system with unit moment of inertia is formed by a particle one gramme
in mass placed at a distance of one centimetre from the axis, and the moment
of inertia of this unit system is said to be one gramme-centimetre? or one
grm. cm?  If the moment of inertia of a body about any axis be K c.a.s.
units or K grm. cm?, it has a moment of inertia X times as great as that of
the unit system.

2. SOME PROPERTIES OF MOMENTS OF INERTIA. Take a set of rectangular
axes 0X, 0¥, 0Z and let K, K,, K; be the moments of inertia of the body
about the three axes. If x,y, z be the coordinates of a particle of mass m,
the square of its distance from 0X is y2+22 and similarly for the other axes.
Hence, by § 1, we have

Ki=3m(y?+2%), Ky=3Sm(2+2?), Kz=3m(2*+y?%).......... (1)
If the distance of m from O be R, and if A denote the sum Sm R?
H=3smR2=3m (22+y2+22).
By adding together the three equations (1) we find
K+ Ko+ K3=2H. ..ccoccvvvvnniennnninnnnnnnnn. (2)

In some cases, such as that of a sphere with the origin at its centre, the
three moments of inertia are equal ; then

K1=I(2=K3=§E ...............-........: ..... (3)

If the body be an infinitely thin plane lamina lying in the plane OXY,
z is zero for every particle ; then

K1=2m_'y2, K2=2mx2, K3=2m (.T2+y2)=K1+K2. ......... (4)
If the Jamina be such that A, and A, are equal,
K1=K2=]2~K3. ................................. (5)
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3. THEOREM OF PARALLEL AXEs. Let an axis passing through the
centre of gravity of the body cut the plane of the p
paper at right angles at G (Fig. 56) and let any
other parallel axis cut the paper at 0. Let P be
the projection of any particle (of mass m) on the
plane of the paper and let PV be the perpendi-
cular from 7 on OG. Let the mass of the body —q G
be M and let the moment of inertia of the body Fig. 56.
about the axis through G be K,, and let that
about the axis through O be K. Then

Ko=3m . PG?

K =3m.0P*=3m (PG*+0G*+20G . GN)

=3m.PG?+0G?2m+2 0G3m. GN,
where G'V is counted positive when V and O are on opposite sides of @.
Since ¢ is the projection of the centre of gravity, Sm.GN =0 and hence
K=Ko+M.0G......cccovovevenivunnnaannnens (6)

Thus, when the moment of inertia, Aj, about any axis through the centre of
gravity is known, the moment of inertia, X, about any parallel axis can be
found at once by adding to K, the product of M and the square of the
perpendicular distance between the two axes.

o7, | BEESS ST

4. MOMENTS OF INERTIA OF A THIN UNIFORM ROD ABOUT ITS AXES OF
SYMMETRY. Let the mass of the rod 4B wy
(Fig. 57) be M grammes and its length i
2! centimetres. Let O be its middle
point and let the axis of & coincide with
04. Since the rod is infinitely thin, : 5t R
y=0 and z=0 for every particle and thus,
by (1), £;=0. The moment of inertia
about OY is proportional to {2 when M
is given, for, if we uniformly stretch the rod to » times its original length,
each particle will be » times as far from OY as it was originally, and there-
fore the new moment of inertia of each particle will be 7?2 times its original
value. Further, for a given length, K, is proportional to #. Thus we may put

e MR S For e e B S (7)
where ¢ is a numerical constant to be determined.

Now, by (7), the moment of inertia of the half rod 04 about an axis
through its centre of gravity C' parallel to OY is ¢(F¥)(}0)? or g M
Hence, by § 3, the moment of inertia of the part 04 about OY is

Lo MPR+IM.0C?
and this is equal to 4 K,, since the moment of inertia of 04 about 0Y is half
that of AB about the same axis. Hence, since 0C=%!,
YqMPR=}q M2+ } M
or q=13.
Thus, by (7), Ko=Kg=3MP. .....ccoovviiiviniiiniininns (8)

Fig. 57.
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5. MOMENTS OF INERTIA OF A UNIFORM RECTANGULAR LAMINA ABOUT
ITS AXES OF SYMMETRY. Let the sides of the lamina be 22 and 2b, and let
its mass be M. Let O (Fig. 58) be its centre and let the axes OX, OY be
parallel to the sides 2a and 2b respectively. Since A is unchanged when
the lamina is compressed into a uniform rod BZ’ lying along 0¥, we have,

by (8),

Y
|
B
i
bi
A il A
T 0 a X
by
B’
Fig. 58
S,  cooonosennasoooocaooons0aco00000a00s 9)
Similarly Hi= i cooooacesosasoaacoonaanoodotoodtaos (10)
By (4) K=K+ Ko=3 M (@2+0%). coevvinnrinninnnnn.n. (11)

6. MOMENTS OF INERTIA OF A UNIFORM RECTANGULAR BLOCK ABOUT ITS
AXES OF SYMMETRY. Take the origin O at the centre of the block and let
0X, 0Y, OZ be parallel to the edges 2a, 2b, 2c. Then K, is unchanged when
the block is compressed into a uniform lamina in the plane 0YZ and simi-
larly for the other axes, and hence, by (11),

K=Y M (B+c?), Kpy=3M(+a?), Ky=3M (a2+b. ......(12)

7. MOMENTS OF INERTIA OF A UNIFORM CIRCULAR LAMINA ABOUT ITS
AXES OF SYMMETRY. Let the radius be a
and the mass M, and let the axes 0X, OY i
(Fig. 59) be in the plane of the lamina. i
Take a narrow strip PQF parallel to 0X,
the points P, P’ being on the circumference
of the lamina and the point @ on OY, and
let the mass of the strip be m. The moment
of inertia of the strip about 0.X is m.0@? and
hence, by summation,

K,=3m.0@%

By (8), the moment of inertia of the same
strip PQP about OY is 3m. QP2 and hence, Fig. 59.
by addition,

///I/////I/I//IIIII/I//III//I/IA, P

P

3K2=2m. Q.Pe.
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But, by symmetry, K;= K, and hence

4K =K +3K,=3m (0Q*+ QP?)=Sma?= Mo
Thus Ki=Ko=}Ma% .....ccovvvviueeiiiannannnnnns (13)
Then, by (4), Eym By Kym 3 Mab.eoeoeosoeeseeeeereeeee. (14)

8. MOMENTS OF INERTIA OF A UNIFORM ELLIPTICAL LAMINA ABOUT ITS
AXES OF SYMMETRY. Let the diameters of the ellipse, parallel to 0.X, OY be
2a, 2b.  If, without change of mass, the circular lamina of § 7 be uniformly
strained so that the point z, y is brought to the position & n where =2,
n=>by/a, the boundary will be an ellipse with diameters 2a, 2b. Further,
if m be the mass of an element of the lamina,

Ky =3Smn?=(0%/a?)Smy?, K,=3Sm&=Sma’
But Sma? and Smy? are the same as K, and A, for the circular lamina, and
hence, by (13), each is equal to } Ma?. Thus, for the elliptical lamina
Ki=}Mb: Kpy=}Ma2 .......ccccevuunreeene. (15)
By (4), K=K+ Ko=3}M (024D, eeeevviviicnnnnnnenen (16)
9. MOMENT OF INERTIA OF A UNIFORM SOLID SPHERE ABOUT A DIAMETER.
Let M be the mass and a the radius, and let the axes 0.X, 0Y, OZ pass
through the centre 0. Consider an element of the sphere in the form of a
thin disk of radius 7 and of mass m with its plane parallel to the plane 0.XZ
and at a distance y from it. Fig. 59 shows the section of the sphere and disk
by the plane OXY. By § 7, the moment of inertia of the disk about that
diameter of the disk which is parallel to OX is }ms? and hence, by the

theorem of parallel axes (§ 3), its moment of inertia about 0X is }mr2+my2.
Thus, by summation,

Ky =}3mr2+Smy?
Since y2=a?— r2; we have
K =}Smr?+3Sma? — Smr2=Ma? - $3mi?
By § 7, the moment of inertia of the same disk about OY is }mr? and hence
Ky=}3smr?,
and thus K= Mo?*—3K,.
Since, by symmetry, A= K,= K;, we find that
K=Ma?-3K,.
Hence LG = Ky =1 == M 2 e e e s amn
10. MOMENTS OF INERTIA OF A UNIFORM SOLID ELLIPSOID ABOUT ITS AXES
OF SYMMETRY. Let the diameters parallel to OX, OY, 0Z be 2a, 2b, 2¢. 1If,

without change of mass, the sphere of § 9 be uniformly strained so that the
point 7, 7, 2 is brought to £, 5, ¢, where £=2, n=by/a, {=cz/a, the sphere
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will become the ellipsoid under consideration. If m be the mass of an
element of volume,
SmE=3ma?, Zmn?=(b%a?) Zmy?, Im{i=(c?/a?)Sm.

But, by symmetry, Sma?=3my?=3mz? and, by § 2, each is equal to half the
moment of inertia of the sphere about a diameter. Hence Sma?=1 Mal
Thus

Ey=3m (2 +)=1M (B2 +c2), ...... U (18)
Ky=Sm (£ =1 M (242) .ocovcvereerrrnnn. (19)
Ey=3m (E2+n0)=1M (a4 .oovevrereeruennnns (20)

11. MOMENTS OF INERTIA OF A UNIFORM SOLID CIRCULAR CYLINDER ABOUT
ITS AXES OF SYMMETRY. Let the mass of the cylinder be A/ its length 27 and
its radius a@. Take the axis OX to coincide with the axis of the cylinder,
and let O be the centre of the cylinder. Then the value of A remains the
same if the cylinder be compressed into a uniform circular lamina of radius a
in the plane 0YZ. Hence, by (14),
K=} Ma
Now divide the cylinder into a series of infinitely thin disks by planes
perpendicular to OX and let m be the mass of the disk which is at a distance
2 from the plane 0YZ. The moment of inertia of this disk about a diameter
is }ma?, by (13), and hence, by the theorem of parallel axes (§ 3), its moment
of inertia about OY is }ma2+ma?.  Thus, by summation,

Ky= Ky=}Sma?+3Ima?=} Ma®+Sma?,
But Sma? is the moment of inertia about OY of a thin uniform rod lying
along the axis of x and having the same mass and the same length as the
cylinder ; hence, by § 4, Sma?=3M{% Thus
Ko=Ky=M(3a?+302). ccovunreiininniinnnnnnnnn. (22)

12. “MOMENTS OF INERTIA” OF AREAS. If a be an element of any area
and r be the perpendicular distance of a from a given axis, the quantity Sas?
is called the “moment of inertia” or the second moment of the area about
the axis; we shall denote it by . The “moment of inertia” of the area
is clearly equal to the moment of inertia of a uniform lamina of the same
dimensions and of unit mass per unit area. The moment of inertia of the area
may therefore be found by substituting 4, the magnitude of the area, for
the mass of the lamina. In the c.¢.s. system, / will be expressed as a
multiple of one cm?*.

Theorem of parallel axes. If we apply the result of § 3 to an area, we
see that if 7, be the moment of inertia of an area 4 about an axis through
its “centre of gravity,” and 7 be the moment of inertia about a parallel axis,

I=1+ A4k,
where % is the perpendicular distance between the two axes.
From the results proved for laminas we obtain the following expressions :
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Rectangular area of sides 2a, 2b. Here A=4ab. Hence, by § 5, we find :—

About a diameter parallel to the side 2a, I;=34b2=4ab?
About a diameter parallel to the side 2b, I,=}4a?=4%0a%b
About the normal through the centre,  I3=1;+I,=4ab(a?+0?).

Circular area of radius a. Here 4 =mra? and thus, by § 7, we have :—
About a diameter, Li=L=}4d*=}wa*
About the normal through the centre, ,=314a2=}ma

Elliptical area of diameters 2a, 2b. Here A=mab and thus, by § 8,
we have:—

About the diameter 2a, Li=}4Ab?=}mwab?
About the diameter 25, Iy=}Aa?=}ma’b
About the normal through the centre, I;=I;+ I,=}mab(a®+ 0?).

13. ANGULAR MOMENTUM OF A RIGID BODY TURNING ABOUT A FIXED
axis. When a rigid body turns about a fixed axis, the velocity, and there-
fore also the momentum, of any particle is at right angles to the perpendicular,
of length » cm., drawn from the particle to the axis. If the mass of the
particle be m grammes and if the angular velocity of the body be w radians
per second, the velocity of the particle is 7o cm. sec.=! and its momentum is
mre grm. cm. sec.”! or mreo dyne-sec., a dyne-sec. being the amount of
momentum which a dyne generates in one second. The moment of this
momentum about the axis, ie. the product of the momentum and the
distance 7, is mr?ew grm. cm.? sec.”! or mr?w dyne cm. sec. This is also
called the angular momentum of the particle m about the axis. The angular
momentum of the whole body is thus Smr?e or wSms?, since o is the same
for every particle because the body is rigid. The quantity Sms? is A, the
moment of inertia of the body about the axis. Hence:—

The angular momentum of a rigid body rotating with angular velocity o
radians per sec. about a fived axis is Ko grm. cm.2 sec~1, where K grm. em.? is
the moment of inertia of the body about the axis.

14. KINETIC ENERGY OF A RIGID BODY TURNING ABOUT A FIXED AXIS.
The kinetic energy of the particle in § 13 is Jm (velocity)? or Jmi2w? ergs,
and thus, since o is the same for every particle, the kinetic energy of the
whole body is {w?Smr? or } Ke? ergs, where & grm. cm.? is the moment of
inertia about the axis.
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NOTE V.

HarMONIC MOTION.

1. RECTILINEAR MOTION. On a circle with O (Fig. 60) for its centre
take a point P and draw a perpendicular P/
upon any diameter 40A4’. Then, if P move 7
round the circle with uniform speed, the point 4/
moves along 404'. The length 04 is called
the amplitude of the oscillation and the time g 5 z ™M JA
occupied by M in going from A4 to 4’ and back
to A is called the time of a complete vibration
or the periodic time.

Let the radius of the circle be » cm. and let Fig. 60.
the speed of P along the arc of the circle be
» cm, sec.—1.  If the angular velocity of OP be o radians per second, the arc
described in one second is wr cm. in length. Hence

@SR 0000000006500050330B6AEEEA00A0000000000 (1)

Let the abscissa O} be # cm. and let the time ¢ secs. be counted from the
instant when P passes through 4. Then the angle AOP is ot radians, and
hence

JPESFPERT% 0080000000000080400000000AA0000C- aC (2)

If the velocity of M along A0A’ in the direction 04 be u cm. sec.” 1, » is
equal to the component, parallel to the same direction, of the velocity of P.
Since the latter is at right angles to OP, we have

u=—vsin PO4d=—wrsinNeol. .ccoccevinernrinnenne. (3)

Since » is the rate at which # increases with the time, we see that the rate
of increase of 7 cos wt is — orsin wf. Writing wt 44 for ot in these expressions
and multiplying by o, we see that the rate of increase of or cos(wt+4m) is
— o sin (wf+4m). But cos (ot+37)= —sin of and sin (ot +47)=cos ot, and
thus the rate of increase of —wrsin w¢ is —w? cos wf or —w?z. Hence, if
the rate of increase of the velocity of M, ie. the acceleration of M, be

cm. sec. ~2, we have
2
f'= = B Ll 5 T e el R e e (4)

When « is positive, f is negative and vice versa, and thus f is always directed
towards O.

As P goes round the circle, the point M oscillates along 404’, and the
time of a complete vibration of A is equal to that of a complete revolution
of P. Thus, if the periodic time be 7' seconds, the radius OP describes
27 radians in 7 seconds, and hence w=2=/7), or
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Since ©? is equal to the acceleration which 3 has towards O when M has
unit displacement, i.e. when #=1, this result can be written

27
d /acceleration for unit displacement’

If the acceleration of a given point moving along a straight line be
proportional to its displacement from a fixed point on that line and be
always directed towards that point, we can always find an auxiliary circle
and an angular velocity such that the displacement, velocity and acceleration
of M are equal to those of the given point, and hence the periodic time of the
given point has the value stated in (6).

The motion of a point which vibrates so that its acceleration is pro-
portional to its displacement from its mean position, is called harmonic. The
radius of the auxiliary circle does not appear in the formula for the periodic
time, and hence 7 is independent of the amplitude of the vibration. The
vibrations are therefore called isochronous.

2. MoroN ABOUT A FIXED AXIS. In many cases of oscillation, the
body, instead of moving along a straight line, turns about a fixed axis in such
a way that its angular acceleration a is equal to pf radians per sec. per sec.,
where # radians is its angular displacement from its mean position and p is a
constant. If we now take a point i moving along 404/, as in Fig. 60, in such
a way that O is equal to cf, where ¢ is a constant length, the acceleration
of M will be equal to ca or to cud, i.e. to p.ch, and thus the acceleration of
Mis p.OM. Hence, by § 1, the motion of A is harmonie, and 7, the periodic
time of its vibrations, is given by
_2m

Vp

The angular motion of the body is said to be harmonic. Since 4/p is
equal to the angular acceleration of the body towards its mean position when
its angular displacement is one radian, the last result can be written

Vi

2w

~/angular acceleration for one radian

NOTE VI

CORRECTIONS FOR VARIATIONS IN THE RaADIUS OF A WIRE.

1. Youwna’s Mopurus. In finding Young’s modulus by experiments on
a wire of circular section it is usual to treat the wire as a circular eylinder
with a radius equal to the mean radius of the wire, the latter being deter-
mined by observations at a number of points equally spaced along the wire.
It may be useful to show how a closer approximation may be reached.
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Suppose that the length L is divided up into m equal portions and that
the radii measured at the centres of the first, second... portions are a;, a3....
Let a; be the mean radius and let

a1=a0+b1, a2=a0+bg....
Then, by the definition of mean radius,
Sb=b +by+...=0.

To a close approximation we may treat the actual wire as if it were made up
of m cylinders of length Z/m and of radii a;, ag.... If { be the increase of
length of the whole due to a longitudinal force F' and if £ be Young’s
modulus, we have, by equation (5), § 17, Chapter I,

1= FLlm FLjm

_ﬂale ﬂ'azzE

FL 1 1
=m{<50+bl)2+(a7¥'z?>2+ }

Expanding the m denominators by the binomial theorem, we have

L FL (U o w1
TmrE la? a3 agt T a7
_FL (m 2 3302

T mnE a2 agd at )

The second term within the brackets vanishes since Sb=0. Hence, as far as
the first correcting term,
FL 35b?
= a3 " )

FL { 3Eb2}

and E= 1ra02l T3

il 005So063600000066306000060005 (1)

Thus the value of £ obtained by treating the wire as a cylinder of radius
ay is slightly too small.

2. Riciprry. If we apply to equation (23), § 39, Chapter II, an argument
similar to that employed in § 1, we see that if ¢ be the angle turned through
by one end of the wire under the action of a couple @, and if # be the rigidity,

GL 2
Tt e T T

ﬂﬂd]‘ WM24
The method of § 1 then leads to the equation
2G'L 10352
_m{ mTﬁ} .................. T
The student who desires to obtain an intimate knowledge of all the
circumstances of the experimental work may profitably determine from his
observations the values of the correcting factors in (1) and (2).

n
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NOTE VIIL

Ox INERTIA BARS.

The simplest way of attaching an inertia bar to a wire is to solder the
wire into a small hole drilled in the bar, but it is generally more convenient
to employ some method which allows the wire to be easily detached from the
bar. A good plan is to solder each end of the wire into a hole drilled along
the axis of a metal cylinder 2 or 3 cm. in length and 04 or 05 cm. in
diameter. One of these cylinders fits easily into a hole drilled at the centre
of the inertia bar at right angles to its length, and the cylinder is secured
there by a small set screw, while the other cylinder is secured in the same
manner in a hole drilled in a piece of metal held in a fixed support. The
arrangement is illustrated in Fig. 33, Chapter III, § 62.

Since both ends of the wire are soldered into cylinders, the length of wire
under torsion is quite definite, and since the torsional stiffness of the cylinders
is very great compared with that of the wire, the couple due to a given
angular displacement of the bar is practically independent of the positions of
the cylinders in the bar and in the support, and thus no exact adjustment of
the cylinders in the two holes is necessary.

The mass of the inertia bar should be determined before the hole is bhored
in it and, for convenience, the mass should be stamped or engraved on the
bar. For a bar not less than 30 cm. in length the moments of inertia of the
bar before and after the hole has been drilled in it do not differ appreciably
from each other since the distance from the axis of the hole of every part of
the metal which initially filled the hole was very small, while large parts of
the bar are at considerable distances from that axis.

In the case of a rod of square section, 40 ¢m. in length and 1 cm. in
breadth and depth, formed of metal of density 8 grammes per c.c., the mass
of the bar is 8x1x1 x40 or 320 grammes. If the moment of inertia about
an axis through the centre at right angles to one of the larger faces be
K, grm. cm.2, we have by § 6, Note IV,

Ky=}x320 {207+ (})% = 4269333...grm. om 2

Suppose, now, a hole 0'4 cm. in diameter is drilled in the bar, the axis of the
hole coinciding with the axis just mentioned. The mass of metal removed is
8xmx1x022=1-005 grms. and by § 11, Note IV, the moment of inertia of
the metal removed is

k=%x1005x0-22=00201 grm. cm.?
If the moment of inertia of the bar after the hole has been drilled be X, then

K=K,—k, and this, it will be seen, differs from A, by less than one part in
two millions.
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Though boring the hole has not appreciably affected the moment of
inertia of the bar, it has changed the mass of the bar from 320 grms. to
320 — 1005 grms. i.e. by one part in 320. If we had taken 320—1-005 grms.
as the mass of the bar and had treated the bar as a uniform rectangular
block, the moment of inertia would be

1x{320 — 1-005} {202+ (3)2},
and this would be less than A by one part in 320.
Sometimes a small stud is screwed into the inertia bar and the wire is
secured by a set screw in a hole drilled in this stud. It will be seen, from
what has been said above, that in this case, also, the mass to be employed

in the calculation of the moment of inertia is the mass of the bar before any
holes are drilled in it and before the stud is attached to it.

NOTE VIIL

WoRK DONE BY A COUPLE.

When a couple G dyne-cm. acts upon a body and the body turns through
an infinitesimal angle dé radians, an amount
of work d W ergs will be done by the couple.
We require to know how d W depends upon
& and upon df. We may suppose that the
couple is applied by means of two strings
4, B (Fig. 61) wrapped round a wheel of
radius 7 cm. If the tension of each string B
be F dynes, we have

2Fr=G. ..ovvrrrnnan. )

A

Fig. 61.

If, now, the wheel turn through dé radians, the points 4, B will move
through 7d6 cm. and each force will do Fxrdd ergs. The total work done
is 2Frd#, and this is equal to d W. Hence, by (1), we have

AW=Gdf ergs. ......ccccvvvivirirerciannnnnn. 2)

Thus the work done by a couple in turning a body through an infinitesimal
angle is the product of the couple and the angle.
When the couple is constant, we have

W=G% ergs,

where W is the work done by the couple while the body turns through the
angle 8 radians.

‘When the couple is proportional to the angle already turned through by
the body from an initial position, we may write G=pd, and then the work
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done while 4 increases from zero to ¢ radians will be the product of ¢ and the
average value of the couple. The latter is 4u¢, and thus the work done is

W= xpudp==4G . X p ergs,
where G, dyne-cm. is the maximum value of @, i.e. the value of the couple
when §=¢.

NOTE IX.

TrRAPEZOIDAL RULE FOR THE MEASUREMENT OF AREAS.

‘When an area is enclosed by a line of some simple geometrical form, such
as a triangle or an ellipse, the area can be calculated with any required degree
of exactness by the integral calculus or other mathematical methods when
the necessary dimensions are accurately known. But in practical work it is
often necessary to determine approximately the area enclosed by a line drawn
on paper, of which the whole or a part passes as evenly as possible among the
points representing a number of observations. In such a case much labour
would be involved in the attempt to determine, even approximately, the
equation to the line, and then the calculation of the area by aid of the
equation would still remain to be made. This method is, therefore, seldom
used.

The area can be measured mechanically by means of a planimeter, but
the accuracy of the result depends upon the correct adjustment of the
instrument and upon the skill with which the tracing point is made to move
along the line.

The trapezoidal rule for the measurement of areas is easily applied and
requires no special instrument. In one respect it has an advantage over the
planimeter method, for, when the observations are properly spaced, it is not
necessary to draw the curve on paper.

Y — —
Ay o] A,
A AT $
/'/ "
///
//
’/B/
B3 By |F3
[o) X
M1 M M, My
Fig. 62.

When we wish to find the area enclosed by the curve 4, ... 4, (Fig. 62),
the axis of # and the two ordinates A, M, A, M, we divide M, M, into n—1
equal parts, each of length d em. Let A, M;=a, cm., 4, My=a, cm. and so
on. If d be small compared with the least radius of curvature at any point
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on the curve A;4,, we may replace the arcs 4, 4,, A34;... by the corre-
sponding chords, and treat each of the vertical strips as a trapezoid. The area
of the trapezoid 4, M, M, A, is the product of M M, and of & (A M1+ Ay Ms),
the mean height of the chord A; 4, and thus the area is (3a;+3}a;) d square
cm. The area of the next trapezoid is (Jaz+4as)d and so on.  On addition,
we find that, if the area 4, M, M, 4, be 4 square cm.,

A=Gaytast ... F0a_1+30,)de cenenniiiinnnnannnns, (1)
The rule implied in (1) may be expressed as follows : —

Draw a series of equally spaced ordinates, add half the first and half the
last ordinates to the sum of the intermediate ordinates and multiply the whole
by the distance between successive ordinates. The result is the area required.

If we have a second area enclosed by the curve D;... B,, the ordinates
By M; and B, M, and the base M, }M,, and if the n—1 equidistant ordinates be
by, by ... b, cm., the enclosed area B is given by

B=(b14+by+ oo +by_1+30) Ao e @)

If we denote a; —b; by ¢; and so on, and if € be the area 4,5, B,4,, we
have, by (1) and (2),
C=(erteat oo Fep14+3e)de i, 3)

In many instances (e.g. Fig. 55) the point B, coincides with 4, and B,
coincides with 4,. Then ¢;=0 and ¢,=0 and the formula (3) becomes

(/v=(02+03+ ...+Cn_1)d- ........................... (4)

By taking d small enough, the accuracy can be made as great as may be
desired, provided that the values of the &’s, the b’s or the ¢s are ezactly
known.

If the observations be taken at equal intervals with respect to the variable
quantity represented along the axis O.X] it is unnecessary to draw the curve
on paper, for it is only the values of the a’s, s or ¢’s which we require and
these are given by the observations. '

When the observations are not taken at equal intervals with respect to
the quantity represented along O.X, we can either find the sum of the areas
of the separate trapezoids corresponding to successive intervals (if the
intervals be not too great), or we may draw the curve as evenly as we can
among the plotted points and then find its area by the trapezoidal rule.
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NOTE X.

HiNTs oN PracticAL WORK IN PHYSICS.

1. Fairures., A demonstrator in practical physics spends a large part
of his time in correcting students’ mistakes. He has to discover, for instance,
why it is that a student obtains 53786402 [no units mentioned] for Young’s
modulus by an experiment on a brass wire instead of 9-86 x 101! dynes per
square centimetre. It is then found, perhaps, that the student has confused
the radius of the wire with its diameter, that, having got hold of a screw-
gauge in which one turn is equivalent to % inch, he has treated one turn
as equivalent to § millimetre either because it looked about } millimetre
when tested with a millimetre scale or because he did not care to ask those
who knew, that he has measured the extension in millimetres and has then
treated the millimetres as if they were centimetres and that he has used
32 for “gravity” instead of 981. When the crumpled sheet of paper has
been unearthed from the rubbish box, the arithmetic on it is found to be
faulty. The student has omitted (perhaps through caution) all reference to
the units in which the result is expressed. In some cases the student adds
the letters c.G.s. in much the same way as grocers add “EsQ.” to customers’
names. If his courage allows him to name the units, he often uses the wrong
names ; the chances are that he puts down ‘“dynes.”

The student may have learned something of the physical principles in-
volved in the experiment and may have gained some practice in manipulation,
but the result of his work, viz. that Young’s modulus for brass is 537-86402,
is worthless, and is entirely useless to any human being.

The following hints may perhaps assist the student to avoid errors in
his work and may help him to discover where they have occurred when,
in spite of all his care, his result is obviously wrong.

2. OBSERVATIONS. After the necessary adjustments have been made,
the observer reads off a number from the graduations of the instrument
or in other ways. The result of the experiment cannot possibly be correct
if this number be not correctly read and correctly recorded. After the reading
has been entered, the student should, when possible, look at the instrument
again in order to detect any discrepancy between the written entry and the
instrumental reading. What he actually wrote is not always what he intended
to write.

The work of observing is liable to a great variety of errors. Some of the
most frequent are the following :—

Wrong values are assigned to the divisions of a scale. Thus the student
sees a 10 and counts on 5 more divisions, and enters the reading as 105
instead of 15. Or, when the main divisions are subdivided into 5 sub-
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divisions, one of the latter is taken as a tenth instead of a fifth of a main
division.

The numbered divisions are read from left to right, but the tenths are
read from right to left. Thus 254 is wrongly read as 256, the 6 tenths
in the latter number being reckoned from the “26.”

The student does not understand the graduation of the instrument, either
because he has not given sufficient attention to the matter or because the
unit of measurement is not marked on the instrument; in the latter case
he cannot be expected to know the unit of measurement and he should
ascertain it from those who have put the instrument into his hands, be
they instrument makers, teachers, or examiners.

In most cases the determination of a physical quantity involves zwo obser-
vations. Thus, when the diameter of a wire is measured by a screw-gauge, the
reading of the gauge when the jaws are in contact is required as well as the
reading when the gauge is adjusted to the wire. But students frequently omit
to take the zero reading. They should remember that “every length has two
ends.” The attempt to measure a length by a single reading sometimes leads
to totally erroneous results, as when a distance of 30 cm. is put down as
70 cm. because the “wrong end” of the scale is used and so the distance
to be measured lies between the “100” and the “70” on the scale, and not
between the “0” and the “30.” If, in addition to the reading “70,” the
- reading “100” had been taken and recorded, the error would not have occurred.
Similar remarks apply to the measurement of many other quantities, e.g.
masses, angles, and resistances. )

In finding the periodic time of a vibrating system, a student sometimes
calls “one” when he starts the stop-watch; he stops the watch as he calls
“fifty ” and though he imagines that he has found the time of 50 vibrations,
he has really found the time of only 49. He should call “nought ” when he
starts the watch.

When the periodic time exceeds about two seconds, the mind has time to
ramble off to other interests between one count and the next, and therefore a
special effort must be made to concentrate the attention on the work in
hand. It is of assistance to count owt loud. On account of the difficulty
of counting correctly, the student should make at least fwo independent
observations of any periodic time.

A steady hand, a keen eye, and a good general command of the body are
essential in accurate physical determinations ; mere intellectual power avails
nothing by itself. Any rule of life which deviates from temperance in all
things (including work) may be expected to render the hand less steady and
the eye less keen, and so to lead to inferior work. University students whose
fingers are deeply stained with tobacco do not, as a rule, become skilful
observers, though they may show considerable ability in other ways.

3. THE RECORDING OF OBSERVATIONS. As soon as an observation has
been made, enter the result in a note book, not on a scrap of paper. Do not
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wait to see the result of a second adjustment before recording the result of
the first one. Take the figures as they come without any attempt to force
them into agreement with any preconceived value.

Enter observations and not merely deductions. Thus, if two readings of
a vernier be 15°85 cm. and 17-32 cm., these are observations. The distance
1:47 cm., through which the vernier has been moved, is a deduction from the
two observations. If the student, without entering the numbers 15-85 and
17-32, does the arithmetic in his head and puts down 157 through error,
he has no chance of detecting the mistake afterwards. If he had entered
1585 and 17-32, he might have found the mistake in revising his calculation.

The neglect of the simple rule of always entering observations before
making any deductious from them is a very frequent source of error. No
one, whatever his private opinion as to his own powers, is likely to do reliable
work if he neglects this rule.

Enter the observations in an orderly manner without crowding, and do
not write in three or four different directions on the paper.

Write all the numbers very plainly. The letters in a badly written word
can often be guessed, but the neighbouring figures do not help the reader
to decide whether the mark on the paper is meant to be a 5 or an 8. The
position of the decimal point is the most important feature of any collection
of figures ; be careful, therefore, to mark the decimal point firmly and clearly.

Be careful to state clearly what it is that you have measured, and also
the units in which the measurement is expressed.

If you have reasoun to reject any of your observations, cancel the entries
by bold lines drawn through them, so that there may be no mistake as
to what is rejected and what is retained. Neatness is here of secondary
importance.

A beginner naturally believes that he is capable of making a correct copy
of the results of a series of observations; he will learn by experience that,
in spite of his most strenuous efforts, mistakes will occur. It is therefore
essential that the student should cultivate the habit of making the original
record of the observations good and clear, and that he should preserve it for
reference. If any practical use is to be made of the results of an experiment,
it is obviously important that the chances of error should be as small as
possible. The power of entering observations in a clear manner will be of
value in a practical examination, for the student will then be able to send in
his original record and will not feel compelled to waste time by copying out
his “rough” notes.

4. ARITHMETICAL REDUCTION OF OBSERVATIONS. From the observations
the result is deduced by arithmetical work. Without this work the result
cannot be obtained, and the accuracy of the result depends upon that of the
arithmetical work. This work should therefore be carried out with quite
as much care as that given to the taking and recording of the observations.
The arithmetic should be done in the book containing the observations, and
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the work should be arranged in an orderly manner so that it will bear
inspection. It is wise to verify each step before proceeding to the next.
Many students have the bad habit of doing the arithmetic on scraps of paper
which they immediately destroy, as if they were ashamed of the work; yet
no one expects them to obtain the results without doing the arithmetic.

For most purposes four-figure mathematical tables may be used; Bottomley’s
tables are convenient. The student should make himself acquainted with the
contents of the book of tables so that he may know where to look for (say)
the reciprocal of a number; and he will then not waste time in working
it out by the aid of logarithms.

The slide rule is so convenient in those cases where moderate accuracy
suffices, that the student should endeavour to become proficient in its use.
But it must be recognised that its accuracy is limited.

Care should be taken to carry the arithmetic to a sufficient number of
significant figures. The final result depends, of course, upon the data used
in the calculations, but the arithmetic should be carried so far that no error
is introduced into the result greater than (say) one tenth of that arising from
the errors of observation. An example will make this clear. The value of
the product 1-6736 x 2:7628 is 4'62382208, or to 5 significant figures 4'6238,
But if we perform the multiplications, we find that

177 %28 =48 to 2 figures
167 x2'76 =461 to 3 figures
1:674 x 2763 =4'625 to 4 figures.

Hence the rough 2 figure arithmetic has introduced an error of about one
in 25. With 3 figure arithmetic the error is reduced to about one in 330,
and with 4 figures the error is only about one in 4000.

On the other hand, it is useless to retain many significant figures in the
arithmetic when the data are only correct to a few significant figures.

When the number of significant figures is to be reduced by rejecting the
last digit Z, the last but one is left unchanged when L is less than 5, and is
increased by unity when L is greater than 5. When L is equal to 5, the last
digit but one is left unchanged if it is even, but is increased by unity if it
is odd. Thus 3-485 is shortened to 3:48, but 6:235 is shortened to 6:24;
in each case the number adopted after the rejection of the “5” has its last
digit even.

- When the numbers are very great or very small, it is best to write them
thus:—4-19 % 107 or 5:89 x 10~5, keeping one significant figure only on the
left of the decimal point. There is less chance of error in copying 589 x 10-5
than in copying 0-0000589. This plan has the advantage that, when the
logarithms of the numbers are to be found, there is no need to count the
number of figures between the decimal point and the first significant figure.
The power to which the 10 is raised is equal to the characteristic of the
logarithm. Thus

log (419 x 107)="7-6222, log (5'89 x 1076)=5-7701.
2523
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The value of 7 is 3:14159265.... 1t is quicker to use log 3-141... than to
use log 22 and log 7, as is necessary when the rough value 22/7 is employed.

Gross errors in arithmetic can often be detected by the exercise of a little
common sense. Thus a moment’s thought shows that the cross-section of a
wire one-tenth of a centimetre in diameter is noz 2:345 square centimetres.
The student should make a practice of looking at the result of each step
to see if it is reasonable or absurd.

5. Diagrams. When series of observations are plotted on squared paper,
the student should express very clearly upon the diagram the two physical
quantities which are represented along the horizontal and vertical axes.
When this information is not given, the diagram is generally worthless.
The points plotted on the diagram should be clearly marked by small circles
drawn round them or in other ways.

In every case when a series of observations is made, one quantity X is
varied and the consequent variations of a second quantity ¥ are observed.
The quantity .X should be varied over the whole of the available range and
the separate values of X—say X, X, ...—should be fairly distributed over
that range: Many students are inclined to take X;, X, ... so close together
that they are unable, for lack of time, to cover more than a small part of the
whole range. In such cases, it often happens that the errors of observation
cause the points plotted on the .X-¥ diagram to be suggestive rather of a con-
stellation than of any regular curve. If the intervals X,—.X,, X,—.JX,, etc.,
had been large, the errors of observation would not have completely obscured
the law which the experiment was designed to investigate.

6. Nore Books. The student should, if possible, keep a note book in
which to write fuller accounts of the experiments than is possible in the
laboratory. He will thus find out how much he has understood of what
he has done in the laboratory, and will also gain practice in describing
experimental work in his own words. The note book should have large
pages, and ample space should be left for future notes and additions. But
however great the labour spent upon this book, it can never take the place of
the laboratory note book in which the original records are written.

The student should write his name and address in his note books as
a safeguard against their loss.

7. GENERAL REMARKS. The student should not leave an experiment
while there is anything connected with it which he does not understand.
Every experiment involves many principles, and thus a single experiment
thoroughly grasped in all its details puts the student in possession of much
knowledge which will help him in future experiments. Hence, one experi-
ment well understood is of far more educational value than a dozen in
which the student has gained only hazy notions.

There is no such thing as the ANSWER to any experimental investigation,
for no two persons would obtain precisely the same result, however carefully
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they worked. The student should have confidence in his results until he
discovers an error in his work. But he should not pretend to do im-
possibilities. It is easy to make some measurement, such as weighing,
with a great show of precision, but the precision is only apparent and not
real unless the proper precautions have been taken and the proper cor-
rections have been applied.

As the degree of exactness to be reached in any measurement is increased,
the practical difficulties increase enormously. Thus with a household balance
and household weights a cook could weigh a mass of aluminium of about
100 grammes to one gramme. A junior student with a cheap laboratory
balance and common weights could weigh it to {5 gramme. To be certain
of the mass to ;37 gramme, it would be necessary to use double weighing
and to allow for the buoyancy of the air. To reach an accuracy of
Togo gramme, it would be necessary to have a table of corrections for the
weights employed, while to come within ;4,556 gramme would require an
accurate knowledge of the pressure, the temperature and the hygrometric
state of the air, and would require the refined appliances of a national
physical laboratory and the skill of an expert.

The student should have an eye to proportion. It is useless to make
some observations (e.g. of mass) to one part in ten thousand when other
observations in the same experiment can only be made to one part in a
hundred (e.g. rise of temperature).

The formula which expresses the result in terms of the quantities to be
observed should be carefully examined to see which quantities are of primary
and which are of secondary importance. Thus the formula

K=M (3124347

for the moment of inertia of a cylindrical rod of mass ¥, of length 2Z and of
radius A, shows that, when L is great compared with 4, the quantities M
and L are of primary importance, while 4 is of only secondary importance.
It is useless to spend time in measuring 24 accurately by means of a screw-
gauge when 2L is only measured to the nearest millimetre, for it is, at the
outside, only the first two significant figures in }42 which are of any con-
sequence compared with 172
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of the Charge to the Mass XV.  Spark Discharge.
of an Ion. XVI. Discharge through Gases

VI. Determinationof the Charge at Low Pressures.
carried by the Negative ~ XVII. Theory of the Discharge
Ton. through Vacuum Tubes.

VII. Onsome Physical Properties ~ XVIII. The Electric Arc.
of Gaseous Ions. XIX. Cathode Rays.
VIII. Ionisation by Incandescent XX. Rontgen Rays.
Solids. XXI.  Properties of Moving Elec-
IX. Ionisation in Gases from trified Bodies.
Flames. Index.

‘It is difficult to think of a single branch of the physical sciences in
which these advances are not of fundamental importance. The physicist
sees the relations between electricity and matter laid bare in a manner
hardly hoped for hitherto....The workers in the field of science are to-day
reaping an unparalleled harvest, and we may congratulate ourselves that
in this field at least we more than hold our own among the nations of
the world.” Z7mes (on the First Edition)

A Treatise on the Theory of Solution, including the
Phenomena of Electrolysis. By WILLIAM CECIL DAMPIER WHETHAM,
M.A., F.R.S,, Fellow of Trinity College. Demy 8vo. x + 488 pp.
10s. net.

“The choice and arrangement of the matter included are alike excel-
lent....Mr Whetham’s book is probably the most complete and satisfactory
treatise on the subject in any language and as such is sure to enjoy a wide
popularity.” Atheneum

“The treatment throughout is characterised by great clearness, especially
in the physical and mathematical portions, so that the volume may be
warmly recommended to students of chemistry.” Nature
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Mechanics and Hydrostatics. An Elementary Text-
book, Theoretical and Practical, for Colleges and Schools. By
R. T. GLAzEBROOK, M.A., F,R.S., Director of the National Physical
Laboratory and Fellow of Trinity College, Cambridge. Crown 8vo.
6s.

Also in separate volumes
Part I. Dynamics. 256 pp. 3s.
Part II. Statics. 182 pp. 2s.
Part ITII. Hydrostatics. 216 pp. 2s.

Extract from Preface. It has now come to be generally recognized
that the most satisfactory method of teaching the Natural Sciences is by
experiments which can be performed by the learners themselves. In
consequence many teachers have arranged for their pupils courses of
practical instruction designed to illustrate the fundamental principles of
the subject they teach. The portions of the following book designated
EXPERIMENTS -have for the most part been in use for some time as a
Practical Course for Medical Students at the Cavendish Laboratory.

The rest of the book contains the explanation of the theory of those
experiments, and an account of the deductions from them. This part has
grown out of my lectures to the same class. It has been my object in the
lectures to avoid elaborate apparatus and to make the whole as simple as
possible. Most of the lecture experiments are performed with the apparatus
which is afterwards used by the class, and whenever it can be done the
theoretical consequences are deduced from the results of these experiments.

It is with the hope of extending some such system as this in colleges
and schools that I have undertaken the publication of the present book and
others of the series.

Extracts from Press Notices

¢“ Schools and Colleges will certainly benefit by adopting this book for
their students.” Nature

¢Mr Glazebrook’s volumes on Heat and Light deal with these subjects
from the experimental side and it is difficult to admire sufficiently the
ingenuity and simplicity of many of the experiments without losing sight
of the skill and judgment with which they are arranged.” Safwrday
Review

*‘ The books almost cover the advanced stages of the South Kensing-
ton prospectus and their use can certainly be recommended. to all who wish
to study these subjects with intelligence and thoroughness.” Sckoolmaster

¢¢ The book is very simply and concisely written, is clear and methodic
in arrangement....We recommend the book to the attention of all
students and teachers of this branch of physical science.” ZEducational
News

¢¢ It will be especially appreciated by teachers who possess the necessary
apparatus for experimental illustrations.” A4#keneum

‘¢ Text-books on this subject are generally too simple or too elaborate
for a conception of elementary mechanical principles. This book cannot
fail to recommend itself therefore for a first course preliminary to the study
of physical science. No other book presents in the same space with the
same clearness and exactness so large a range of mechanical principles.”
Physical Review

‘“ Marked ability has been shewn in the development of the subject of
Statics in the present volume....The collected examples for students’
exercises are excellent.” Glasgow Herald
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Heat and Light. An Elementary Text-book, Theoretical
and Practical, for Colleges and Schools. By R. T. GLAZEBROOK,
M.A., F.R.S. Crown 8vo. ss.

Also in separate volumes :
Heat. 230pp. 35
Light. 213 pp. 3s.

Electricity and Magnetism: an Elementary Text-book,
Theoretical and Practical. By R. T. GLAzEBROOK, M.A., F.R.S.,
Crown 8vo. Cloth. 1—440 pp. 6s.

Extract from Preface. Some words are perhaps necessary to explain
the publication of another book dealing with Elementary Electricity.
A considerable portion of the present work has been in type for a long
time ; it was used originally as a part of the practical work in Physics for
Medical Students at the Cavendish Laboratory in connexion with my
lectures, and was expanded by Mr Wilberforce and Mr Fitzpatrick in one
of their Laboratory Note-books of Practical Physics.

When I ceased to deliver the first year course I was asked to print my
lectures for the use, primarily, of the Students attending the practical
classes ; the lectures on Mechanics, Heat and Light have been in type for
some years. Other claims on my time have prevented the issue of the
present volume until now, when it appears in response to the promise made
several years ago.

Meanwhile the subject has changed ; but while this is the case the
elementary laws and measurements on which the science is based remain
unaltered, and I trust the book may be found of service to others besides
my successors at the Cavendish Laboratory.

The book is to be used in the same way as its predecessors. The appa-
ratus for most of the Experiments is of a simple character and can be
supplied at no great expense in considerable quantities.

Thus the Experiments should all, as far as possible, be carried out by
the members of the class, the teacher should base his reasoning on the
results actually obtained by his pupils. Ten or twelve years ago this
method was far from common ; the importance to a School of a Physical
Laboratory is now more generally recognized ; it is with the hope that the
book may be of value to those who are endeavouring to put the method in
practice that it is issued now.

Extracts from Press Notices

“If the nature of the book be taken into consideration, it will be found
unusually free from the influence of the examination spirit. The writing
is bright and interesting, and will stimulate a desire, we think, for further
study.” Atheneum

‘“Every schoolmaster and teacher who has under consideration the
selection of a text-book for his better students should most certainly
look into this book. The information is everywhere absolutely sound
and reliable.” Guardian

“In this volume we have a thorough analysis of the elementary laws
of electricity and magnetism; but coupled with it there are excellent
expositions of the operation of these laws in practice. The book, in fact,
is in many respects a manual for the laboratory as well as a work for
the class-room....It is the work of one who has had long experience as a
teacher in an important centre of education, and all who study its contents
carefully and intelligently will acquire a sound knowledge of the principles
of the attractive subject with which it deals.” Engineering
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General Editors: F. H. NeviLLg, M.A., F.R.S. and
W. C. D. WHETHAM, M.A., F.R.S.

Modern Electrical Theory. By N. R. CampBELL, M.A.
Demy 8vo. pp. xii+332. 7s. 6d. net.

Mechanics. By Joun Cox, M.A.,, F.R.S.C., Macdonald
Professor of Experimental Physics in McGill University, Montreal.
Demy 8vo. pp. xiv+332. With four plates and numerous figures.
9s. net.

The Study of Chemical Composition. An Account of
its Method and Historical Development, with illustrative quotations.
By Ipa FREUND, Staff Lecturer and Associate of Newnham College.
Demy 8vo. xvi+650 pp. 18s. net.

“Written from a broad, philosophical standpoint, we know of no book
more suited for the student of chemistry who has attained a sound general
knowledge of the science, and is now ready to appreciate a critical discus-
sion of the methods by which the results he'has learnt have been built up,
thereby fitting himself for the real world of investigation on his own
account.” Safurday Review
A Treatise on the Theory of Alternating Currents.

By ALEXANDER RUSSELL, M.A.,M.L.E.E. Intwo volumes. Demy 8vo.

Vol. 1. pp.xii+408. 12s.net. Vol.II. pp. xii+488. 125 net.

“The volume is not only rich in its own substantive teaching, but well
supplied with references to the more remote authorities upon its subject.
It opens an important and valuable contribution to the theoretical litera-
ture of electrical engineering.” Scotsman
Radio-activity. By E. RutaerForp, D.Sc,,F.R.S.,F.R.S.C.,

Professor of Physics, Victoria University of Manchester. Demy 8vo.
Second Edition. Revised and enlarged. xiv+ 580 pp. 12s. 6d. net.

« Professor Rutherford’s book has no rival as an authoritative exposition
of what is known of the properties of radio-active bodies. A very large
share of that knowledge is due to the author himself. His amazing
activity in this field has excited universal admiration.” WNature
Experimental Elasticity. A Manual for the Laboratory.

By G. F. C. SEARLE, M.A,, F.R.S. Demy 8vo. pp.xvi+187. 5s. net.

Air Currents and the Laws of Ventilation. Lectures
on the Physics of the Ventilation of Buildings. By W. N. Suaw,
Se.D., F.R.S., Fellow of Emmanuel College, Director of the Meteo-
rological Office. Demy 8vo. pp. xii+94. 3s. net.

“The Theory of Experimental Electricity. By
W.C.D. WHETHAM, M.A,, F.R.S. Demy8vo. xii+ 334 pp. 8s.net.
“«We strongly recommend this book to those University Students

who require an introduction to modern scientific electricity. The research

atmosphere of Cambridge is here brought before us, and the student is
guided into the paths along which great progress has been made in recent
years.,” Guardian
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