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M(2)(z) (z)dz=3l 3 – 2.

, 0 -

,

3 1 – 2= 0,  3l 3 – 2= 0.  (5.7)

1, 2, 3 = 3 1,3,1/l ,       (5.8)

3 – .
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5.5.
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R 1 1N

3 1 9l 6l
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Ri N2 2
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 – , ES ( =N,
= 0 – ) EIx ( = , = – , -

) GIk ( =T – ,
=  – ,  – -

z).  T. -
:

0
T = T ,  = yT , 

T – , yT – -
y (dT/dy).

 = / +  T.
, 0 ( -

), -
 0 

 = / +  T+  0.        (5.9)

5.6.
,  « -

» Xi .
,  (5.3) – -

; -
.

k  (5.5)  (5.9). 
, :  (5.3)  (5.9), 

–  (5.5), k k
. : , k=2

11X1+ 12X2+ 1P+ 1
T + 1

0= R1m m,
21X1+ 22X2+ 2P+ 2

T + 2
0= R2m .            (5.10)

ij=
L

( i j/ )dz, iP=
L

( i P/ )dz, i
T=

L
i

Tdz, i
0=

L
i

0dz,

(L – ). , -
,

Rjm m- Xj=1.
 5. .5.15.

, ( .5.15 )
, .  – 

2 l+2Bl – 2M= 0 – , , :

= X1,  B=M/l – X1.



,  ( ., , . 5.15 ) -

– - ; -
. 1 ( 1=1, =0)

( 1=0, = ) . 5.15 , .
EI : 11=4l3/(3EI), 1P=Ml2/(3EI), 

l

l l

l

) )

P

)

. 5.15
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1
1

1
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l
l

l

M
l

M
l

u
p
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4l

M
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M
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. 5.15

) ) )

 X1= – 1P / 11= – M/(4l) , , ( .5.15 ). ,

,
.

 6. , . 5.16, 
 ( 0(z)= 0),  – : -

, ,
. ,

.
-

 ( ); ,
-

.  ( . 5.17). 
,

: -

l

l

l

l
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 – D – D , ,
D.  R1,

R2, R3,  ( .5.18).
. R1

R2 -
 (  R3):

,
-

.

:
R3l – R2l= 0,   R3  2l+ R1= 0. 

R1, R2, R3:

R3=X1,   R2=X1,  R1= – 2X1l.
X1 = 1,  ( .5.19 , )

11=10l3/(3EI). -
-

-
. -

-

11X1=
3

1i
R1m m,  ( X1 = 1)  – 2l A+1 B.

, , , B=2 Al, ;
 – X1=( B – 2l A)/ 11.  ( .5.19 ) 1,

,  – .

5.7.
,
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.
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Xi ,
 ( , -

, , ). -
 – -

Xi.
, , -

. -
 ( , ) -
:

= P +X1 1 ,
Rm = Rm (P)+ Rm (X1 ).

 (2.5) 

L

dz–
n

i 1
iRi =

L
p dz–

n

i 1
iRi (P)+X1 [

L
1 dz–

n

i 1
iRi (X1 =1)] 

( , -
X1 ).

 –  (5.5) 
(z) . , -

X1 ,
.

= p dz –  Ri (P) i,         (5.11)

( X1 ), ,
, -

 (2.5). 
 7. .5.20 ( 0=0), -

, . -
?

.  –  ( -
) . -

, ,
.  ( .5.21, ,

).
11 1=  Ri

(1)
i ( , -

.5.21). -
.5.22,  = 

0.6( 1 – 2+ 3 – 4)/l2. -
, i. -

, 4 ( ,
, ).



,
:  ( .5.23, -

).
 (  5.24 – -

). X1
, -

,
. , -

.
. R1 .5.24 ,  R2 = – 2, 

R3 =1, R4 =0.
.5.25;

 = 5/6l2a – (– 2· 2 +1· 3) = ( 1+3 2 – 3 – 4) /2.
, , .

.  R1 , R3 , R1 = – 1, R2 =
– 1, R3 = 0, R4 = 1. M .5.26,  (2.5) -

 = – 5/6l2a – (–1· 1 – 1· 2+ 1· 4) = ( 1+3 2 – 3 – 4) /2.
.

 « » -
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. -
, , 13,5. 
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.
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. ; ,
P

( .5.28). ,

 ( .5.28). B= P 2 /2, A= P/2;
.

-

 ( .5.27),
P

1
( .5.29). -

-
,

.  (" "
.5.30).  – 

,  – ; -
.

-
-

 ( ), -
, , N4 =0. -

, N3= 0. -
A= – 1/l , -

, : N2 = – 2 /l, B=1/l.
(N1 =B=1/l), :

 =  Ni Ni li /(ES)i= ( 2 /(ES)2+1/(2ES)1)P.
,

( ) : 1 . -
, , , -

,  ( .5.31, 5.32). -
A =1/l;  – C = 2 /l, B =

– 1/l. :

2  = Ni Ni li /(ES)i=2(P/2 1/l  l/(ES)1)+2 ( 2 P/2 2 /l  l 2  /(ES)2), 

2

2

.5.28 . 5.29. 5.27

1
1 1

NN 3 4N2

N4
N2
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3N
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5.8.
-

.
. , .

 ( ), -
, .

, , -
, -

 ( ) . .
 ( )

=
L

dz                 (5.12)

, , :

= + , = / ,
, , = mXm ( .  (5.3)). -
,  (5.12) 

= m
L

m dz/ +
L

T dz.             (5.13)

, / = ( )

mdz=0                 (5.14)
( : -

, -
).

=
L

T dz        (5.15)
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 9.
, . 5.33. 
.

. -

 – T T
0.

, T
0

, . – TH/h.
.5.34 .  – -

;  ( ,
) M ( .5.34 ). M 2l – l/4.

,

A=
L

T dz =
l2

TM dz = (– TH/h) (– l/4) = THl/(4h).

,
,

 ( -
, ). -

, ;

.
:

=
V

ij
T(x) ij ( )dV

, ,

=3
V

T(x) 0 ( )dV,

0 =( + y+ z)/3 – .

5.9.
-

,  [3]. ,
,

-
,  ( ,

) . -
-

, .
 ( )  – mT ,

T – - . -

l l
1

1 1 4
.5.34

)

)

l l
A 2
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,
. T, ,  ( -

) ; m= E/(1 – 2 ),  – .
 ( ) -

mT. T  0,
, T  0 – .

, ,  ( -
m = m1 m = m2)

(m1 – m2)T, -
, , .

-
.

 (b h) .
dz ( .5.35). , -

,
( )

dF0= bdydz(dT/dy)m=bmdz
h

(dT/dy)dy

= =bmdz(TB –TH).
, -

dF0/dz
 – 

 (TB) -
.
: ,

,
.

 « » -
 ( mT) – .

, -
. mTB ( ) mT ( ). -

, , -
, .

( ): , mT, -
. -

,

N *=
S

mTds=mST                (5.16)

(T =1/S
S

Tds, S – , T – ),

x

dz
b

+

dF0

y

y

z

T

T

x

.5.35

q

q
S

S
B

H

= mT

= mT 



M *=
S

mTyds= mSx
T,           Sx

T=
S

Tyds.            (5.17)

Sx
T– x.

: -
 ( , , ), -

, -
 (5.16), (5.17). 

,
;  – ,  – , -

.

mT.
, -

, -
,

.
 (

. 5.36), 
. , -

 – 
( .5.36), mT.

 –  = y  = mT.
z ,

, z :

z =2 E /(1 –  – 2 2),  =mT=E(( – ) + )=E /(1 –  – 2 2),
=(1 –  – 2 2)mT/E, z =2 E /(1 –  – 2 2)=2 mT.

: =  – mT=mT – 
mT=0,  – z= z  – mT=2 mT – mT= – (1 – 2 )mT= – ET.

, -
;

 ( ) E T.

=E ; :

 =  – E T. (5.18)
 10.  ( .5.37 ),

 ( b h),
, -

.
. ,

: -
 ( ) b 2h. ,

mT

.5.36



E T. E 1TS1 E 2TS2
( .5.37 ), S1=S2=S=bh.

, -
 ( .5.37 ):

N = E iTS= ETS( 1+ 2 ),
M =ETSh( 2 – 1)/2.

-
;  ( )

= /(EI) (I=b(2h)3/12), -
.

.5.37 .

A=
l

dz=  l2/2=M

l2/(2EI)=3( 2 – 1 )l2T/(8h).
 ( ).

, E1 E2, S1  S2 T  const ,
. -

 3 (  9). 
 11.

 9 ( .5.33).
. -

q = TE ( .5.38 ).
N =3q S/2 -

M =q bh2/12 ( .5.38 ). -
, -

 ( .5.38 ). -

( .5.38 ) ,
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, -  ( ), -

. -

, ,
.

 – , -
 ( )  ( )  ( -

, .6.1, .6.2).  – 
,  ( ), -

, . -
 ( , , .6.3,

.6.4).

, , . -
 ( , )

 ( .6.5, 6.6). ,
. -

,

, ,

 (
-

) -
.

 ( , , , -
).

 1 ( .6.7 – ).
, -

 ( .6.8). :

X= Y=P – A+B=0, M =2Bl – 2C=0. 

2P2P

.6.1 .6.2 .6.3

M

.6.4 .6.5 .6.6



-
:

A=P+X1, B=X1, C =X1 l.
-

 ( 11X1+ 1P=0) -

( .6.9). , ,
,

1P =0, X1=0; -
.

.
( ), .

, . ,
1P 11, . :

1P = N1N /(ES)dz= 2Pl/(ES), 11= M1
2/(EI)dz+ N1

2/(ES)dz=2l( 2/3+1)/(ES). 
–

l/i, i –
, -

SI / .
11 -

-
,

-
:

=20
0,75%, =200 – 

. ,

X1= – 1P / 11= – 3P/ 2

 ( ) (M1)maxX1= –3Pl/ 2 ,
P ( , A=P+X1=P(1 – 3/ 2)).

 max  =N/S+Mmax/W=P/S+3Pl/( 2W)
P(1+6/ )/S, , ,

=200 (l/d=50)
max  =1.03P/S. 

, , -
 0,01% , -

 –  3% ( =200). .

P
2l

l

P

2l

l
" "

.6.7 .6.8

22

=01
=0
=11

p 1

l

l

pN N1

1

1
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, , .6.10,
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-
. , -

.
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 ( .6.5) .
,

-
.
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-
-
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1
2  p .6.11 , .

, , , -
. ,

.5.5 , -
, ,

-
, .

,
 6.11

, ,
p .6.12  6.13. -

.
 5 -

:
. -

,  ( . . -
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. , .6.14 ,
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1 1
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P

1
P

2 qq
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T, - .
e /E p  – e. -

T, ; -
.  = T

p, e.  = – T, ,
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. ,
,

.
 ( , P)

 –  ( ,
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. P : P = P .
:
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.
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.
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( . .  " " ).
.

 1 – .7.1. .
.

Pmax=?   (7.1)
:

N1+N2+N3=P,   (7.2)
2N1+N2+P= 0,        (7.3)

N1 /S T, N2 /2S T, N3 /2S T .    (7.4)
 (7.2)  (7.3) – ; (7.4) – 

; -
.

:

N1=X1,    N2= –P – 2X1,    N3=2P+ X1.
,  (7.4) :

 – TS  X1 TS,  –2 TS –P–2X1 2 TS, –2 TS   P + 2X1  2 TS.  (7.5) 

X1,P ,
.7.2. -

P ( ) -
N1: P0=1,5 T S   

X1= – T S = N1,   N2= TS/2, N3 =2 T S.

.
-

. -
P0 -

: -
W

-
 – ,

D
p. -

D = 
V

pdV.

D = T Si lpi ,
i – , S – , lpi= pili, li –

. , -
. -

P

a a a

S 2S

.7.1

2S

P

1S-

S
S

  S

1.
5

-P0

N =2
S

N
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S
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N =-2
S
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 =

S
1

N
 =

-
1

N
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,
. , , -

.
, -

. -
 " ".

-
.  " ", . -

 " " , -
.

 2 ( .7.3 ). k

 (k+1). ,
.

 " " ,  ( ,
, ) – .7.3 . :  – -

. -
O2  = /(5a),

, ,
3a=3 /5.

,
3 /(5 2a)=

=3 /(10a). -
,

 « » :

lp1=  /(5a)  4a – 3 /(10a)  a=  /2, 
lp3=3  /(10a)  3a –  /(5a) 2a=  /2.

P0 = TS /2+ T 2S  /2, 

     P0=3 TS/2. (7.6)
:

.
, .

,
. : -

, ,
. , ,  – 

,  ( ).
, ,  (7.6)

. P =1,5 TS -
:

P

a a a

S 3S 2S

2a

.7.3

a)

1

2

)

P

1

2

  S
 S

N2 N2

2S
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)

0



TSa+N22a – 2 TS3a=0,
N2=2.5 TS. ,

N2. -
(N02=3 TS). , -

,  ( ) ( T). -
, , ; -

.
 3 ( .7.4 ) – , -

. -
.  – , -

x ,  ( .7.4 ), -
.

.

 x/(l – x);
+

+ x/(l–x). , -
, ,

, ,
. q0dz, -

dz ( -
 – z, q0 – -

), -
(z) -

q0dz (z).

l

q0dz (z)=q0

l

(z)dz.

l

(z)dz , -

 ( .7.4 ).

0.5q0lx  =M0 x  /(l – x)+M0( +  x /(l – x))
q0 x:

q0=2M0(x –1+l –1)/(l – x).        (7.7) 
-

; x:

        dq0 /dx=2M0(– (l – x)x–2+(x–1+l–1))/(l – x)2= 0, x2+2lx – l2= 0,  x = – l± l 2 .

l
z dz x

x
 x
l-x

0 0

( q )0

Q( q )0

q l-R0 R 11

. 7.4

a)

)

)

)

q

q 0



(x  0). -
, x=l( 2 – 1)  (7.7) :

q0=2M0(3 – 2 2 )–1/l2.
 4. . -

, , -
.7.4 ; , .7.4 , ,

, ; -
, .

, , .
.7.4 ; R1 -

x
 dQ/dz= – R1 / x= – q0,  R1=q0 x.

,
Q(z), ,

R1x/2=M0,  x= 00 q/M2 .

Q(z)
 (2M0):

(q0l – R1)(l – x)/2=2M0 . 
R1=q0x q0=2M0 /x2

x q0.
, -

,
:

. ,
-

, ,
:

 ( ) . ,
, ,

, : -
.

-
. ,

, -
, .

.



 5 ( .7.5):
, . ,

 ( , , ),
, .7.6, -

. -
 – -

C, .
,

a , .7.7 ( , -
; ).

 ( ),
,  ( -

).
-
;

.7.8 ,
,
-

Q. -
-
-
-

:
P0 (b + 2a) = Q2a + 2Qa 2 ,

P0 = Q  /(1+ ),  = 1+ 2 ,  = 2a/b.

R=Q + Q 2  – P0 = /(  + 1)Q.
Q,

1+ ,  a  b/ 2 ;
.

P
PP a b
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a

.. 77 .. 65
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(b>a 2 ) , ,
. -

,  ( .7.7).
,

 ( e), -
. -

P0(b+a+c)=2aQ+2Q ,  = 22 .
, -

e, P0 ( Q -
 – ); -

P0.
dP0 /de ; -

 (
) – :

P0=2Qsin , sin =e/ .       (7.8)

e=2a2(a+b)/(2ab+b2).
e, P0  (7.8). 

: , e -
0  e  a P0  (7.8) , -

.
-

. ,
 ( -

). , , , -
.

 6 – .
,
 ( .7.9).

.
,

,
.

.
, , :

.
 ( , , )

.



, . -
, T,  ( .7.10);

P1  – 
. P2 .

, .

P1, P2: -
M0. P1

T bh/2;

 ( .
.7.10).

M0= Tbh 2h2b /6.
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f=0.
 ( .8.3 ),  – -

 ( f)
,
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 ( , , -

) -
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. ,
 (

, , .8.3 ),
 ( .8.3 ). -

G = G* -
 ( .8.3 ).

8.2. ?
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,
 ( .8.3 ). .
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 ( f 0 – 
– .8.3). 

, G*.

 1 ( .8.4) [4]. 
, -

l
.

.
.

. :
-

:
 = 2/2+Plcos  . 

 – ,
,  –  « -

» P,  = /2. -
:

 = 2/2 + P  cos , (8.1)

– / , P  – 
Pl/c. ( ) (8.1) .8.5. 1, 2 3 -

P , 1, 1.09 1.2. P =1 ( 1)
  = 0; . P  >1

,   = 0 ,
( .8.5 ) – . ,

P ; -
, P*=c/l.

. , -
 ( , -

, A –
.8.4 – )

Plsin  = c  . 
, , -

P* -
(sin ).

, .

A

P

l

. 8.4

P

1

2

3

1.0

1.12

1.24

0 0.6 1.2
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,

/



 2 ( .8.6) [5].  ( t, D) -
. -

w*,  ( ) -
.

. .
 ( .8.7). , -

= 1/R (R – ), dz

dPi = – dma, (8.2)

a – dm = Sdz, (S – -
).  ( ),

, ,
,  a= w2/R= w2. -

qi=dPi /dz = Sw2  . 
qi= d2M/dz2  = M/(EI)

4+k2 = 0, (8.3)  

 – , , k2= Sw2/(EI).
 (8.3) (  z = 0,l:  = 0,  = 0)

=Asin kz,           A  0 kl= .  (8.4)
, ,

 (A  0) ,  (A = 0),
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11 1= Ri
1

i. 11 , , , 1

, , Ri
1

i . -
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,

=R3= 0, Y= R1 – R2+ R4=0, MA= R2 2l+ R1  l= 0,
:

 R3=0, R1=2X1, R2= – X1, R4= – 3X1.
 X1=1,  Ri

1: 2, –1, 0, –3. 

Ri
1

i=2 1 – 2 – 3 4=0.
: 4=(2 1 – 2)/3.
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P0=Q(4+ 131216 )/13=1.32Q
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1.98.

,  ( -
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.
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